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ABSTRACT

In this project, we study linear time-varying delay system under nonlinear
perturbations. By using new integral inequality approach, the relationship of Leibniz-
Newton formula terms has been expressed within the framework of free-matrix-based
integral inequality. Merits of the proposed results lie in lesser conservatism, which are
realized by introducing appropriated Lyapunov-Krasovskii functionals and estimating
the upper bound of some cross term more exactly. Numerical examples are given to

illustrate effectiveness of the proposed method.
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CHAPTER 1
INTRODUCTION AND PRELIMINARIES

1.1 Introduction

Time delay is a natural phenomenon in real word. It is well known that time
delay often causes the oscillation deterioration of system performance, and even instability,
so the stability analysis of time-delay systems strongly requires before experimental stage.
As these reason, the stability analysis of time-delay system have become a study research
field during the past years.

In many applications, chemical or physical engineering system are governed by
perturbations. Due to inaccuracy in model parameter measurements, data input, distur-
bance and any kind of unpredictability, such systems always involve uncertainties and
perturbations. Generally speaking, these perturbations may cause the oscillation deterio-
ration and give rise to instability of the system, such as linear and time-delay would do,
even if the perturbations are tiny [2-6],[8-9],[11-14],[23].

In stability problem of time-delay system, to derive less conservative criteria
guaranteeing the stability of the system is key purpose. The maximal allowable upper
bound (MAUB) of time-delay is one of the important indexes to check conservatism of
stability criteria in the system. Therefore, many researchers have tried to develop such
conditions which ensure the stability for MAUB of time-delay as large as possible. In line
with this, several remarkable approaches have been reported such as free-weighting matrix
approaches [20] , delay partitioning approach, reciprocally convex approach, augmented
Lyapunov method. [17]

Motivated by the above discussions, we shall derive new criteria for time-varying
delay systems. The main contributions of our studies are the followings: (i) The time-
delay functions are only required to be continuous but necessarily differentiable. (ii)
By employing an improved integral inequality in [22], we derive less conservative for
time-varying delay systems with non-linear perturbation.

In independent study is organized as follow : Section 1 presents definitions and

some well-known technical propositions needed for the proof of the main results in Section



2. Time-varying delay systems with non-linear perturbation, given illustrative numerical

examples are show in Section 3. Section 4 give the conclusion of paper.
1.2 Problem formulation and preliminaries

Definition 2.1 [17] The trivial solution (x(t) = 0) of system (1) is said to be
asymptotically stable (A.S.) if it is stable and ||z(t)|| — 0 as t — oo.
Proposition 2.1 [18] Let £/, H and F' be any constant matrices with appropriate
dimensions and FTF < I. For any € > 0 , we have
EFH + H'FTET <eEET + ¢ 'HTH.
Proposition 2.2 [1] (Schur complement lemma.) Given constant matrices X, Y, 7
with appropriate dimensions satisfyingX = X7, Y =Y7 > (0. Then X + Z'Y1Z <0

if and only if

X zZT -Y Z
<0 or < 0.
7 =Y 7T X

In this project, we consider time-varying delay systems with non-linear perturba-

tions that can be described by linear differential difference equation:

(t) = Az (t)+Bx(t—h(t))+F f(x(t),t)+Gg(x(t—h(t)),t),t >0 (1)
ff(t+77) = ¢(77)’\v/77 € [_hv O] ()

with z(t) € R" as state vector of the system A, B, F, G € R™*™ constant matrices

¢(e) continuous vector-valued initial function the time-varying delay h(t) is satisfying

0 < hy <h(t) < hy (3)

ha, hy being constants f(x(t),t) and g(x(t — h(t)),t) are unknown nonlinear per-

turbations with respect to z(¢) and x(t — h(t)), respectively assumed as

@), 0)f (@), 1) < a?a"(H)a() (4)
g (z(t — h(t), t)g(x(t — h(t)),t) < F2T(t — h(t))z(t — h(t)) ()



where o« > 0,3 > 0 are known scalars, ' and G are known constant matrices,
Vr € R".
The following lemma is useful for our main result :
Lemma 1. [20] Let = be a differentiable function : [«, ] — R™. For sym-
metric matrices R € R™" and Z;,Z3 € R*>3", and any matrices Z, € R*3" and

Ny, Ny € R3™™ gatisfying

Z1 Zy Ny
% Zg NQ 2 07 (6)
x *x R

the following inequality holds :

B
_/ j-T(s)Ri(S)dS < w{(Q,ﬁ)wlwl<&aﬁ)’

=0 = [+, ), 7 [ emwa]

Uy = (8= 0)(Z +32s) + Sym{N [1, 1, o] + N |1, -1, 21|}



CHAPTER 2
MAIN RESULTS

2.1 Main Results

Theorem 1

The system (1) is asymptotically stable if there exist positive definite matrices,
P,Q;, R;, (i = 1,2,3), positive semi-definite matrices Z;, 73 and any matrices Ny, Ny
such that the following LMIs hold :

Z1 Zy Ny
x  Zs Ny| =0, (7
x xR
S Z12 Z13 Zu S5 Zie 217 Zie 00 S S
* :22 523 524 0 0 0 0 5210 0
* * 533 Eg4 0 0 0 0 0 5310 0
k * * 544 0 O 0 0 0 5410 O
* * * ¥ Zss Zpg =57 0 D 0 0
== * * * * * 566 0 568 =69 0 0 < Ov (8)
* * * * * x 0 0 0 0
* * * * * * x Zgg 0 0 0
* * * * * * * *  Zog 0 0
* * * * * * * * * 2110 0
* * * * * * * * * * =111




where

Jii Ji2 Jiz %Kll %Km %KIS
Zy = |Jn Jrn Jos| Zy = %Km %K22 %K23 ’
J31 Jzp Js3 %Kzﬂ %K32 %K33
L Liw =L O
Nl— L21 [I —1 O] Lgl —L21 0f,
L3 Ly —Ls; 0
L —Lf, L
NE =1L} -1 —Lj |
0 0 0
M, My =My 2My
N2: M21 [—] -1 2]:| = —Mgl —M21 2M21 P
M3, —Ms, —Msz 2Ms3

—My M —Ms,
T _
NI = |-MmL —MmE —ME |,
2M{E 2Mf 2ME

Eip = (ATP+PA)+(Q1+ Q2) + (2L11 4+ 2LT) — 2Myy — 2M{ + ho(Ji1 + £31))
+hy( Ty 4 K1)+ AT (hy By + hy R+ (hy — hy) Ry) A+ 21021 — AW WAL

E1o = PB+ AT (hyRy + hy Ry + (hy — ho) R3) B + 2014 4 B,

Ei3 = PF + AT(ho Ry + hyRo + (hy — he) R3)F + £44,

Eiu = PG+ AT(h Ry + hyRy + (hy — ho) Ry)G + S22,

Zi5 = Loy — L1y — My — Moy + ho(J12 + £12),

Zi6 = Lot — L1y — Myy — Moy + hy(J12 + £32),

E17 = L3y + 2My1 — M3y + ho(J1s + £32),




Eig = Lg1 +2My1 — Msy + hy(J13 + %),

_wm
2’

2 = BT (hy Ry + Ty, Ry + (hy— ho) Rs) B+ 2821 + 1532 4 Tes +
Z3 = BT (heRy + hy Ry + (hy — hy)Rs)F + £
24 —

GWy
2 9

2 9
BT (hoRy + hy Ry + (hy — ha) R3)G +

BWy _ Wy
2’

=210 = T4

S33 = FT(hoRy + hyRy + (hy — ho)R3)F — &11,
Z34 = FT(hoRy + hyRo + (hy — ha) R3)G,

= _ W
—310 — 2
E44 = GT(haRl + thQ + (hb - ha)Rg)G — 82[,
= GWy
—410 — 2

BW; , BWT .
2 + 2 T’

S55 = (Q3 — Q1) — Loy — Moy — LY, — M3 + ha(Jaz + %) + Ly — My LY, — ML

+(he — ha)(J11 + %),
Es6 = Loy — L1y — My — Moy + (hy — he)(J12 + %),
57 = — L3y + 2Moy — M3y + ho(Jos + %)’
S = La1 + 2M11 — My + (hy — ha) (Jis + £52),
Za0 = (~Qa—Qu) — Los—Mas— Ly~ Mi by o+
+(ho — ha)(J22 + %),
Z6s = — L3y + 2Moy — M3y + hy(Jos + %)’
S0 = —L31 + 2My — M3y + (hy — ho)(Jog + %)’
Sr7 = 2Msy + 2My; + ha(Jss + 552),
Bgs = 2Ma1 + 2M + hy(Jaz + £22),
=g9 = 2M31 + 2M§1 + (hy — ha)(Ja3 + %)’

Koo
3

= __w _w
- _ I
Z1111 < o

€3

)_L21_M21_L31_M211



Proof. @ We introduce a following Lyapunov-Krasovskii functional :
V(t) = Vi(t) + Va(t) + Va(1), ©)

where
Vilt) = 27 (1) P (),
v = [ @mwm$+/ <wﬂmw+/' () Qur(s)ds.

t—hy hp

o
/ / it s)R1&(s dsd¢9+/ / s) Ry (s)dsdl
ha ht-‘r@ hy Jt4-0
+ / / il s)Rsi(s)dsdb.
hy t+-0
t

From V(t,x,) =’ (t)Px(t) + / 2(5)Q1x(s )d5+/ T(5)Qam(s)

t—hy

t—haq
+ / $)Q3x(s / / s)R1%(s)dsdf
ha Jt4+6
/ / S)Roi(s dsd0+/ / s)R3i(s)dsdb
hy Jt+0 +0

consider from deffination of Vi1 = A\pin(P)||24]|* < 2T ) < V(t,zy),

Vay s[hx%ﬁ@ammww

= @)l [ 1
= QUIEOP(L

< e Q1) ) )
P ()(@lla(h) P

t t_ha

5
IA
—

g

I
>~
3
8
8

Il
>
3
2
8
—~
O
L\)—/ N~—

< A (Qa) () (1)
V< [T @ e s
t—ha
sl @)oo [ 1ds
= Aae (@O (s = )
< Aaa (@3) s = 1) (D)



Vss s/oltx@m@@@w

g[mli;ﬂgmﬂ@@w

h
¢ 0
:/ j:T(s)le:(s)ds/ lds
t—ha _ha

= @7 (s)Rya(s)ds(hy,)

t—hq

h
t
< (h) [ A1) P
t—hg

t
= (ha)Amalena‘:(t)H?/ 1dt
t—hq
(ha)2/\ma:cR1||j5(t) HQ’

consider
12O = [|Az(t) + Ba(t = h(t)) + Ff(x(t),t) + Gg(x(t — h(t)), 1)
< [l @I + 1 B[l = A + [1F[Lf ((2), D
Gzt = h(e)), O] - [[A[lllz@)] + | Bl — h())]]
HIELf @), Ol + 1GllgCeE = a), D]
= [ AIP[lz@I1 + [Allll= @1 - [ Bl[[l( = h(£)]

HIAz @ - 1EHLF @), D]

HlAz@ON - 1G g (2t = h(E)), D]

Bl = R - ANz + 1Bl — AE)]?
B[l = @) - [ENIf (@), )]

+HI B[l — RO - [|Gllg(x(t = h(#)), ]
HIFLF @), DI - (LAl

HIFILF @), Ol - Bl = RE)I + I (), D)1
HIENS @), Ol - [1Glllg (2 = A1), D]
Gzt = h(@)), Ol - A=)

HIG gz = h@), O - 1 Bllllz(t = A1)
HIGHg(x( = h@), O - IENNS (@), )l

HIGIPllg(a(t = h(6)), )11

< WAl + TAMzl - Bl + Al el - 1E L
Al - NGHgel + 1B el - [AN el + 1B |]
Bl - IE T+ N Bl - G gl



HIENLA - ATz [+ LA 1Bl + L1 f
HIEHLA - NG gell + NG gell - AL ]

HIGHgell - 1Bzl + I Glllgell - [EILF + NG ge 1

= APl + 2([L Al el - [1BIHzelD) + 2001 Al - LE LD
+2([Allllell - G gel) + IBI el + 2(1 Bllll - 1E11Lf:1D)
+2([[Bllllzell - Gl ge ) + LFIIA* + 20 F TS - 1G g
+HIGI[lg:11*

< NAIP el + 20 Allllae - 11 BIHzell) + 2C1 Al el - [1F el )
+H2([Allllzell - IGIBlwell) + I BIPlell* + 201 Bl 1]l - [[F]lexll]])
+2([[Bllllzell - |Gl Nwell) + [1F17 0 [l

+2([Flledlzl - GBIzl + G0 |l

= (APl + 2l P (AT BI) + 2l * (@l AN FI)+

20z P (BIAIGI) + IBIP el + 20l 1* (el BILE1)

2l P BIBINGH) + N1F 1Pl |* + 2[1 X *(@BI NG
HIGI8 |

< Nzl P[IAN + 201 A BI) + 22 AN ET) + 28(IANIGI)
+HIBlP2a(BIIIF(D) + 28 BIIGI) + 2 FI*

+2a (| FIIIGID+BGI*. (9.1)

From (9.1) we obtain
Vss = (ha)*Amac (ROIAIP+2(1AN [ BI)+2a ([ AIlLF1D + 28 AINI G
HIBI* + 2a(|BIIIF) + 28 BIIGI) + 2| FII* + 28| FI I G1))
e (G EA

Similarly, we obtain

/ / s) Ry (s)dsdb
hb t+€
/ / s) Ry (s)dsdl
hb t—hy 0
_/ T (s) Ryi(s)ds / 16
t—hy hy

= /th i (s) Ry (5)ds(hy)



Hence,

Ve

Vi

Vi

Va

Ve

Vz

6

7

7

Via

2

6

~J

<) [ Dl Be)l (0

— (1) A (B2) (1) / th Lt

— () (RO,

= () Amas (R NAIP+2(| AL BI)+20 (AN FI)+28(1 AT G 1)
HIBII + 2a (| BIIFI) + 261 BIIGI) + a2 | FI2 + 2a8(| FIIGI)
+62|§H2]HXJI2

< @7 (s) Ry (s)dsdf
—hb t+9
¢

s)R3&(s)dsdb

—hy Jt—h

_/th ()Rgx( )ds /;h[a] 1d

= /th @7 (s) Ryt (s)ds(hy — hy)
< =ho) [ Aus(R)i0) P

= (= r D RYIE O [ 1
— (b — ha) () Amaa (B[ (1) 12,
— (b — ha) () Asmaa (B [ A + 2(]| Al BI])
+2a(J AN FD+28(ANG+IBI2+2a( B F1)+28(| BIIGI)
+a2|[FI12 4 2aB(|FIIGI) + B2 GIl2

< Amin(P)
< (Pa) Amaz(Q1)
< (he) Amaz (Q2)
< (hy = ha) Amaz(Q@3)
< (ha)Amas (ROAIP2(| AL BI)+2a( AN 1) +28( ANIGI)
HIBIE + 20 (| BIIFI) + 28 BIIGI) + a2 FI2 + 208(| FIIIGI)
3G el
< () Mmae (Ra) A2+ 20 AN BI)+ 20 (AN I +28( AIGI)
HIBIZ + 20 (| BIIFI) + 28 BIIGI) + a2 FI12 + 208(| FIIIGI)
3G
< (b — ha) () Amaa (B [ A + 20| Al | BII)
+2a(AIIF]) + 26 Al

10



yields

+HIBI? + 2a(IBINEN) + 28(BIIGI) + | FII* + 228(| FIHGI)
+02 (|Gl .

We conclude that V() < A\l

By taking derivative of V' (¢) for ¢ € [0, 00| along the trajectory solution of (1)
V(t) = Va(t) +Va(t) + Va(t). (10)

From (1) and (9), we obtain
Vi(t) = iT (t)Px(t) + 27 (t) Pi(t)

= 2T (t)Pi(t) + 2T (t) Pi(t)
= 22T (¢)Pi(t)
= 227 (t) P[Ax(t) + Bx(t — h(t)) + Ff(z(t),t) + Gg(x(t — h(t)),1)]
= [2T(t)2PAx(t)] + [xT (t)2PBx(t — h(t))] + [2T (£)2PF f(x(t),1)]

+at (4)2PGg(a(t — h(t)),1)]

2T (H)(PA+ PA)x(t)] + [z (t)(PB + PB)x(t — h(t))
+2(8)(PF + PF) f(x(t),t)] + [z (£)(PG + PG)g(x(t — h(t)),1)]
= [(a"(®)(PA)z()" + (:ET(t)(PA)x@))]

t)(PB)xz(t — h(t)))]
t(PF)f(x(t),t))]
G'P)g(x(t — h(t)).t)) + (2" (£)(PG)g(x(t — h(t)),1))]
|+ 2T (t)PBx(t — h(t)) + 2" (t)PF f(2(t),t)
+aT (t)PGg(z(t — h(t)),t) + 2T (t — h(t)) BT Px(t) + f1(x(t),t)FT Px(t)
+gT (x(t—h(t)),t)GT Px(t). (11)

11



From (9), we have
Va(t) = [#T () Quz(t) — 2™ (t = ha)Qu(t — hy)]
Ha () Q2 (t) — 2™ (t — he) Qe (t — )]
Ha(t = ha)Qs2(t — ha) — 27 (t — hy) Qs (t — Ty)]
= 2" (1) (Q1 + Q2)x(t) + 2" (t — ha)(Qs — Qu)2(t — ha)
+a (t—hy) (= Q2 — Q3)x(t — hy). (12)

From (9),we obtain
Va(t) = [ha(@ (O Rut(£)) — &7 () Ry (8) + &7 (¢ — ha) Race(t — hy)
(@7 () Rait (1)) — &7 (t) Roie () + &7 (¢ — o) R (t — )]
H[(hy = ha) (@7 () Rai (1)) — &7 (t — ha) Ry (t — ha)
+aT(t — hy) R (t — hy)] .
= &7 (t)(haRy + hy Ry + (hy — ha) Rs)i(t) —/t ) &7 (s)Ryi(s)ds

t—hq
[ iR~ [T R (13)
t—hy t—hy

From Wy = (8 — a)(Z1 + 373) + Sym{N; [1 —I o} +N, [—I I 21} 1,
we have
Q11 QIZ QIS

Q= Qo1 Qoo Qs |
Q31 Q39 Q33

12



where
Qu = L + L], + My + M{} + (8 — a)(Ju + $K11),
Qup = LY — Lyy — Myy — M3, + (6 — @) (Ji2 + 3K12),
Qg = L3 + 2Myy — M + (6 — ) (Jis + 5 K13),
Qo1 = Loy — LY} — Moy — M} + (8 — @) (Ja1 + 5 K1),
Qg = —Loy — LY — My — M + (8 — a)(Ja2 + %KQQ),
Qo3 = — L3, + 2Moy — M3, + (8 — o) (Jos + %K23),
Q31 = L3y +2M], — M3, + (B — a)(J3, + %K31),
Qg = —Lg1 — M3y +2M3, + (8 — o) (Js2 + 5 K32),
Qg3 = 2Ms3 + 2M3; + (6 — a)(Js3 + 5 K33).

From Lemma 1. and we let
U1y = (ha)(Z1 + 375) + Sym{ Ny [I I 0} +N, [—1 I 21]},

t
we have —/ @7 (s)Ry2(s)ds
t—hq

x(t)
<oy -y L s v | a—ha)
[ ha /t—ha ] hia/tthaa?(S)dS

=z ( )(LH + LY, + My + M + (he) (11 + 5 K11))x(t)
)(Lo1 — Ly — Moy — MY, + (ha)(Jo1 + 5K21))x(t)
—/ $)ds(Las -+ 2MJ, — Mo + () (Jon + 5 K)o (1)
4T (O(LE = Luy — Myy — ME + (ho)(Jis + %Ku)) (t — ha)
+aT(t — ha)(—L21 — LY, — Moy — M3, + (ha)(Jaz + 5 K22))x(t — hy)
+hia /(t — ha)'@"(s)ds(—Lg1 — Msy + 2My, + (hq)(J32 + %K:%z))z(t — ha)

1 1 [t
ST+ 20y — ME + (ha) (Jis + ~K1s))— / 2(s)ds
t—hq

3 he
. T 1 I
—I—l’ h )( L 31 + 2M21 — M31 (ha)(J23 + §K23))h_ m(s)ds
a Jt—hg
1 1 [t
_/ dS 2M31 +2M31+(h )(J33+§K33))h_ Z’(S)dé’. (14)
a Jt—hg

13



t
By using the same approach as in (14), we obtain  — / i (s) Ryt (s)ds
t—hy

()
< {xT(t) T (t — hy) hib/t—h xT(s)ds} Uiy 1 x(f_ hs)
' x(s)ds

Ty
=27 (t)(Ly + Ly + My + M{; + (hy)(Jn + K1)z (t)
+aT(t n ho)(Loy — Li; — Moy — MY} + (hy)(Joy + $K21))z(t)
+hib - w(s)ds(Lsy + 2M] — My + (hy)(Js1 + %Kgl))x(t)
+2(t)(LY, — L1 — My — M3y + (hy)(Ji2 + 5 K12))x(t — hy)
+at(t — hy)(—=Loy — LT, — My, — ML + (hy)(Jao + %KQQ))x(t — hy)
= fi—n

1
h,b b)tLCT(S)dS<—L31 — M31 -+ 2M271 -+ (hb)(Jgg —+ §K32))$(t — hb)
(
1 I
‘I’.I'T(t)(Lgl + 2M11 — Mgi + (hb)(J13 + §K13))h—b/ m(s)ds
t—

L t (s)ds(2Ms1+2M. (hb)(J33+1K33))— t ()

hy
1 1 [t
—l—l‘T(t — hb)(—L; + 2M21 — Mng + (hb)(Jgg + §K23))h_ / l’(S)dS
b Jt—hy
1
ds
hb t_hb 3 hb t—hb

(15)

where W1y = (lu)(Z1 + 325) + Sym{N [1 —1 0] +Na[-1 1 1]},

t—ha
Similarly, we have — / i (s)Rai(s)ds
t—hy
x(t — hy)
1 t—hg
< [:ET(t —he) T (t —hy) / mT(s)ds} Uy x(t — hy)
hb - h’a tfhb

1 t—hq
z(s)ds
hb - ha \/t\ hb ( )

a?(t — ha)(Liy + Li; + My + My + (b — ha) (Ji1 4+ 5K11))x(t — hy)

+aT(t — hb)gL,fl — L{} = Moy — MYy + (hy — ha)(Jor + 3 K1) (t — ha)
o — - /thbax (s)ds(L31+2M1T1—M31+(hb—ha)(J31+%Kgl))x(t—ha)

2 (t — ha) (L3, — Ly — Miy — M, + (hy — ha)(Ji2 + 5 K12))x(t — hy)

+aT (t—hy)(— Lo — L3 — Moy — M3y + (hy— ho) (Joz + 5 Koo))z(t—hy) — (16)

14



1 t=ha 1
+ / xT(S)dS(—Lgl—M31—|—2M211+(hb—ha)(J32—|—§K32))$(t—hb)
t—hy

hy — hg J,—
1 t—hq
K
13))hb i / x(s)ds

1 t—hg
+$T(t—hb)(—L§1+2Mgl—M371+(hb—ha)(J23+—K23)) _ / JZ(S)dS

42T (t = ho ) (LY, +2Myy — ML + (hy — ho) (Jis+

1 t=ha 1 1 t~ha
+ / x(s)ds(ZMgl—i-QMgl—l—(hb—ha)(J33+—K33)) / z(s)ds,
hb - ha t—hy 3 hb - ha —

where W3 = (hy)(Z; + %Zg) + Sym{N, [I -1 0] +N [—] -1 2]}}-

We may express the term @7 (t)(hoRy + hyRa + (hy — ha) R3)i(t) as follows :
&"(t)(ha Ry + hy Ry + (hy — ha) R3)(t)
= [Az(t) + Bz(t — h(t)) + F f(2(t),t) + Gg(z(t — h(t)),t)]"
(hoR1 + hyRo + (hy — he) R3)2(¢)[Ax(t) + Bax(t — h(t)) + Ff(z(t),t)
+Gy(z(t — h(t)), 1)]
= 2T (t) AT (hyRy + hy Ry + (hy — ha) R3) Az (t)
+a T (t) AT (haRy + hyRa + (hy, — ho) Rg) Ba(t — h(t))
T (£) AT (ho Ry + hoRo + (hy — ha) R3)F f(2(t), )
2T () AT (hoRy + hyRo + (hy — ha) R3)Gg(x(t — h(t)),t)
t — h(t))BT (hoRy + hpRa + (hy — h
t — h(t))BT (hoRy + hyRa + (hy —
t — h(t))BT (haRy + hyRa + (hy — hy
t — h(t))BT (hoRy + hyRy + (hy — h

+ +

T

(
(
(
v (
(
(
(

+

+aT
+a”
+aT
+ (@), ) FT (ha Ry + Ty Ry + (hy — ha)
+ T (2(t), ) FT (ho Ry + hyRo + (hy — ha)Rs
(1), )
( )

+ T (x(t),t) FT (hoRi+hyRo+(hy—he) R3) F f (z(t), 1) (17)
+ T (x(t),t) FT (hoR1 4+ hyRo + (hy — ha) R3)Gg(z(t — h(t)), 1)

g7 (x(t — h(t)), t)GT (ho Ry + hyRa + (hy — ha) R3) Ax(t)

+gT (z(t — h(t)),t)GT (ha Ry + hyRy + (hy — he)Rs) Bz (t — h(t))

+g" (x(t = h(t), t)GT (ha Ry + hy Ry 4 (hy — ha) R3) F f (x(t), )

+g7 (x(t — h(t)),t)GT (heRy + hyRo + (hy — ha) R3)Gg(z(t — h(t)),t)

15



Note that for any €; > 0,65 > 0, it follows from (4) and (5) that

erf?a” () (t)—fT(x(t), 1) f(2(t), )] > 0 (18)
and
e BT (t=h(t))x(t=h(t))—g" (x(t=h(t)),t)g(x(t=h(1)),t)] > O. (19)

By using the following identity relation
i(t) — (Az(t) + Bax(t — h(t)) + Ff(z(t),t) + Gg(z(t — h(t)),t)) =0,
we have
[27(8) + 2T (t = h(t)) + 2" ()] (-=W1)[2(t) — (Az(t) + Ba(t — h(t)) + F f(2(t), 1)
+Gg(x(t — h(t)),t))] = 0, where W is a positive definite matrix.
It follows that  [z7(t) +a2T (t —h(t)) + a7 ()]|(=Wy)[2(t) — Az(t) — Bx(t — h(t))
—Ff(x(t),t) — Gg(z(t — h(t)), 1)]
2t () (=W)(&(1)) + 2" () (= W) (= Ax(t))
() (=Wi)(=Bz(t = h(t))) + a" () (=W1) = (Ff(x(t),1))
o (t)(=Wh) — (Gg(x(t — h(t)),1))
+at(t = h(t) (=W1)(@ (1)) + 2T (t — h(t)) (= W1)(—Az(t))
(t=h(t)(=Wi)(=Bax(t=h(t))+a" (t=h(t))(=W1) = (Ff(z(t),1))
+at(t = h(t))(=W1) — (Gg(x(t — h(t)),1))
(
(
(

Tt

+

X

+

t
& ()(=W) (& (1)) + 27 (t = h(t)) (= W) (= Ax(t))

+E1 (8 (=W1) (= Ba(t — h(t))) + 2" (t = h(1)) (=W1) — (Ff(x(1), 1)
&1 (t)(=W1)—(Gy(x(t—h(t)),t)) = 0. (20)

_|_

+

By using the following identity relation

ol (t—h(t)Tx(t—nh(t)) =zt (t—h(t))Tz(t—h(t)) = 0,T > 0. (21)
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From Proposition 2.1, we obtain
ot (t — h(t)z(t — h(t)) < (2)TT2T(t — h(t))Tx(t — h(t))
+ex(t—h(t))xT (t—h(t)), (22)
Combine (10) and (14)-(22),
V(t) < ET(HEE() (23)
where

§H(t) = [2"(t),z"(t = h(t)) » f1(x(t),1) » g" (x(t = h(D)), 1) » 2" (L = ha)

1 t 1 t—hg
ot —hy) , —/ / 27 (s)ds , / 27 (s)ds ,
b t—hy hb - ha t—hy

#(t) 1,
Zi Zi2 i3 Eu Es Es Eir Zis 0 Eivo
¥ Zgg Za3 Zp4 0 0 0 0 0 Eap
* x =33 Zz¢ 0 0 0 0 0 Eap
* * *x Z4 0 0 0 0 0 ZEpo
— * * * x 555 Eg,ﬁ E57 0 Eg)g 0
== <0,
* * * * * §66 0 EGS §69 0
* * * * * * Zgqo 0 0 0
* * * * * * * Zgg 0 0
* * * * * * * ¥ Zg9 0
* * * * * * * * * E1010

(1|

11 = (ATP+ PA)+(Q1 + Q2) + (2L1y + 2L, — 2Myy — 2M{ + ho(J1 + £11))
(i1 + K1)+ AT (ho Ry + hy Ry + (hy — ha) Rs) A+ 1021 — A% _ WAL

12 = PB+ AT(h,Ry + hyRo + (hy — hy) R3) B + 400 + Bl

13 = PF + AT(hoRy + hyRa + (hy — ho) R3)F + 54,

S = PG+ AT(h,Ry + hyRo + (hy — ho) R3)G + S0,

15 = Loy — L1y — My — Moy + ho(Jiz + £12),

Zi6 = Loy — L1y — Myy — Moy + hy(Jro + £12),

Zi7 = La1 + 2Myy — May + ho(Jrs + 512,

18 = La1 + 2Myy — My + hy(J1s + 52,

[1]]

(1]

[1]]

(1]

17



_ AWs Wi
110 — 2 9

BT (hoRy + hyRy + (hy — ha)Rs) B + 2321 + 1% 3 4 Tes + 201 4 WL

(1]

(1]

22 — (
Egg = BT(hQRl + thz + (hb — ha)Rg)F + F‘Q/Vl ,
Zos = BT (hoRy + hoRo + (hy — ha) R3)G + €01,
= _ BW, _ Wy
—210 — 2 79

Egg = FT(haRl + thz + (hb — ha)Rg)F — 81],
3y = FT(hyRy + hyRy + (hy — he) R3)G,

= _ rw
—310 — 2
§44 = GT(hQRl + thQ + (hb — ha)R;),)G — 62],
= _ GW;
—410 — 2

Zss = (Q3— Q1) — Loy — My — L3 — M3, + ho(Jaz + %) + Ly — My L, — M
+(hy — ho)(J11 + %),

56 = Loy — Li1 — My — May + (hy — ha)(J12 + %),

57 = —Lz1 +2My — M3 + ho(Joz + %),

59 = La1 4+ 2Myy — My + (hy — ha)(J13 + 532),

66 = (—Q2—Q3)—L21—M21—Lng—Mng—f—hb(Jm‘f—%)—L21—M21—L2Tl—M271
+(hy — o) (o2 + £22),

68 = —Ls1 + 2Myy — My + hy(Jos + £22),

60 = —L31 + 2Myy — My + (hy — ha)(Jos + £22),

Err = 2Mgy + 2ME + ho(Jss + %),

Egs = 2M3; + 2M3, + hy(Js3 + %),

Zg9 = 2Ms3y + 2M3 + (hy — hy)(J33 + £38),

__ W wi
1010 — 77> = T2

(1 [1]

[1]]

[1]

(1]

[1]

(11

From (23) and Proposition 2.2, it is easy to see that V(t) < 0.

Hence, from Definition 2.1, we conclude that system (1) is asymptotically stable.
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CHAPTER 3
NUMERICAL EXAMPLES

In this section, four numerical examples are given to illustrate the validity

and superiority of the proposed scheme.

Example 1. In order to demonstrate effectiveness of the method, we set the

following parameters :

~1.2 0.1 0.6 0.7 10 10
A= , B = ,F = ,G = .
0.1 -1 —1 -0.8 0 1 0 1

It is assumed that non-linear perturbations satisfy

SH (), 0)f(x(t),1) < oz (t)x(t),

g" (w(t = (1)), )g(x(t — (1)), t) < " (t — h(t))z(t — h(t))
and 0 < h, < h(t) < hy.

We assume that with satisfy

By taking parameters o« = 0 and 3 = 0.1, we get Example 1. remains feasible
for any delay time h;, < 4.3159. In case of h, = 4.3159, Theorem 1 yields the following

set of feasible solutions :

2.3830 —0.0418 4.0744 0.0003
= s 1= s
—0.0418 1.6576 0.0003 4.0750
0 2.4251 0.0001 5.9909 —0.0002
2 = ’ 3=
0.0001 2.4252 —0.0002  5.9904
0.0046 —0.0001 0.0011  —0.0000
Rl — Py RQ - ’
—0.0001 0.0024 —0.0000 0.0005




0.0014  —0.0000 0.0268 —0.0041

3 = ’ 1 — 5

—0.0000 0.0007 —0.0041 0.0585
1.1447 0.0000 —1.3109 —0.0000

Jl]_ - ’ J12 == ’
0.0000 1.1447 —0.0000 -—1.3109
3.7044 0.1637 1.5015 0.0000

J13 = > J22 - ’
0.1642 3.9969 0.0000 1.5015
—2.2487 —0.0170 1.6108 —0.001

J23 — ) J33 -
—0.0168 —2.2791 —0.0001 1.6108
5.8900 0.0000 3.3082 0.0007

K11 = s Klz - ’
0.0000 5.8920 0.0023 3.3130
—9.7268 —0.0032 1.0215 —0.0012

K13 = s K22 = >
—0.0041 —-9.7374 —0.0012 1.0196
—1.2643 0.0006 2.2426 0.0002

Koz = , K33 = ,

0.0008 —1.2634 0.0002 2.2438

€1 = 721078, &9 =40.4170, &3 = 450.0000.

0 10 20 30 40 50 60 70 80 90 100

Figure 1  The trajectory of the solution of system (1) in Example 1 with

hy = 4.3159.
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Table 1 : MADBs A, for different o and § for Example 1.

Method hy a=0,3=01|h, a=0.1, =0.1
Cao and Lam][2] 0.6811 0.6129
Han[4] 1.3279 1.2503
Zuo and Wang[23] 2.7422 1.8753
Qiu et al.[12] 2.7423 1.8753
Chen et al.[3] 2.7423 1.8753
Qiu et al.[13] 27757 1.8959
Kwon et al.[5] 2.7758 1.8959
Kwon and park[6] 2.7753 1.8959
Liu[9] 2.7429 1.8895
Rakkiyappan[14] et al. 2.9816 1.9805
Lakshmanan et al.[8] 3.0853 2.0974
P-L.Liu[11] 3.4863 2.6144
Theorem 1 4.3159 4.3158

Example 2. Consider the system (1) with the following parameters :

0 -1 -1 -1 01

Table 2 : MADBs A, for different methods for Example 2.

Method hy

Park ans Kwon[10] 1.0
Kwon et al.[5] 3.4039
P-L.Liu[11] 3.6654
Theorem 1 4.3143

21



Example 3. Consider the system (1) with the following parameters :

00
A = , B g , F = s G =
0 -09 -1 -1 00

Table 3 : MAUB #h, for various Method for Example 3.

Method hy

Seuret and Gouaisbaut[15] 4.703

Kwon et al.[7] 48117
Zeng et al.[20] 4.788
T.H.Lee et al.(Remark3)[16] | 4.8076

T.H.Lee et al.(Corollary1)[16] | 4.8257

T.H.Lee et al.(Theorem1)[16] | 4.8313
Theorem 1 49252

Example 4. Consider the system (1) with the following parameters :

0 1 0 0 0 0
A: . B == . F: . G:
-1 -2 -1 1 0 0 0

Table 4 : MAUB h, for various Method for Example 4.

Method hy,
Seuret and Gouaisbaut[15] 6.5906
Kwon et al.[7] 7.1250
Zeng et al.[20] 7.1480

T.H.Lee et al.(Remark3)[16] | 7.1550
T.H.Lee et al.(Corollary1)[16] | 7.1582
T.H.Lee et al.(Theorem1)[16] | 7.1672

Theorem 1 7.1799
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CHAPTER 4
CONCLUSION

We obtained a new criteria for asymptotical stability for system (1) as follow :
Theorem 1

The system (1) is asymptotically stable if there exist positive definite matrices,
P,Q;, R;, (i = 1,2,3), positive semi-definite matrices Z;, 73 and any matrices Ny, Ny
such that the following LMIs hold :

Z1 Zy Ny
k Zg NQ Z 0’ (7)
x xR

S Zi2 Z13 Zu S5 Zie 217 Zie 00 S S

* 522 523 524 0 0 0 0 5210 0

* * 533 534 0 0 0 0 0 5310 0

* * * 544 0 0 0 0 0 5410 0

* * * ¥ Zss Zsg =57 0 IDsg 0 0

E= % % % % % Zg 0 Zg Zgo 0 0 <0, (8)

* * * * * x 0 0 0 0

* * * * * * x =g 0 0 0

* * * * * * * *  Zog 0 0

* * * * * * * * * 2110 0

* * * * * * * * * * =111




where

Jii Ji2 Jiz %Kll %Km %KIS
Zy = |Jn Jrn Jos| Zy = %Km %K22 %K23 ’
J31 Jzp Js3 %Kzﬂ %K32 %K33
L Liw =L O
Nl— L21 [I —1 O] Lgl —L21 0f,
L3 Ly —Ls; 0
L —Lf, L
NE =1L} -1 —Lj |
0 0 0
M, My =My 2My
N2: M21 [—] -1 2]:| = —Mgl —M21 2M21 P
M3, —Ms, —Msz 2Ms3

—My M —Ms,
T _
NI = |-MmL —MmE —ME |,
2M{E 2Mf 2ME

Eip = (ATP+PA)+(Q1+ Q2) + (2L11 4+ 2LT) — 2Myy — 2M{ + ho(Ji1 + £31))
+hy( Ty 4 K1)+ AT (hy By + hy R+ (hy — hy) Ry) A+ 21021 — AW WAL

E1o = PB+ AT (hyRy + hy Ry + (hy — ho) R3) B + 2014 4 B,

Ei3 = PF + AT(ho Ry + hyRo + (hy — he) R3)F + £44,

Eiu = PG+ AT(h Ry + hyRy + (hy — ho) Ry)G + S22,

Zi5 = Loy — L1y — My — Moy + ho(J12 + £12),

Zi6 = Lot — L1y — Myy — Moy + hy(J12 + £32),

E17 = L3y + 2My1 — M3y + ho(J1s + £32),
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Eis = L3 + 2My1 — Msy + hy(J13 + £12),

— _ AWl _ Wi

—110 — o 5

Ein =1,

Zog = BT(haRl+th2+<hb—ha)R3)B+%ﬁ2[+[%52+[53+Bglﬁ n BI/2V1T T
Zo3 = BT (hyRy + hyRy + (hy — ho)R3)F + Fng’

Z91 = BT (hoRy + hyRy + (hy — hy)R3)G + 11,

= — B 1 W1

Zo10 = S5t — 5,

S33 = FT(hoRy + hyRy + (hy — ho)R3)F — &11,
Z34 = FT(hoRy + hyRo + (hy — ha) R3)G,

= _ W

—310 — 2

E44 = GT(haRl + thQ + (hb - ha)Rg)G — 82[,
= GWy

—410 — 2

Zs5 = (Q3— Q1) — Loy — Moy — LY, — My + ho(Joo + 522) + Ly — My, LT, — MY
+(he — ha)(J11 + %),

Es6 = Loy — L1y — My — Moy + (hy — he)(J12 + %),

57 = — L3y + 2Moy — M3y + ho(Jos + %)’

S = La1 + 2M11 — My + (hy — ha) (Jis + £52),

Zo6 = (—Qa—Qs) — Loy — My — L3, — Mgy + Ty (Jag +532) — Loy — My — L3, — M3,
+(ho — ha)(J22 + %),

Zes = — L1 + 2Moy — M3y + hy(Jos + %)’

S0 = —L31 + 2My — M3y + (hy — ho)(Jog + %)’

Sr7 = 2Msy + 2My; + ha(Jss + 552),

Bgs = 2Ma1 + 2M + hy(Jaz + £22),

=g9 = 2M31 + 2M§1 + (hy — ha)(Ja3 + %)’

= _ow W
=100 = —T3 T T
) _ I
—1111 — — = -

€3

By choosing an appropriate Lyapunov-Krasovskii functional and using an im-
proved Free-matrix-based integral inequality for stability analysis of systems with time-
varying delay,it has been show by four examples that the obtain stability criteria are

effective and less conservative the some existing results.
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A novel result on analysis for time-varying
delay systems with non-linear perturbations.
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Abstract

In this project, we study linear time-varying delay system under nonlinear pertur-
bations. By using new integral inequality approach, the relationship of Leibniz-Newton
formula terms has been expressed within the framework of free-matrix-based integral in-
equality. Merits of the proposed results lie in lesser conservatism, which are realized
by introducing appropriated Lyapunov-Krasovskii functionals and estimating the upper
bound of some cross term more exactly. Numerical examples are given to illustrate effec-
tiveness of the proposed method.

1 Introduction

Time delay is a natural phenomenon in real word. It is well known that time delay
often causes the oscillation deterioration of system performance, and even instability, so the
stability analysis of time-delay systems strongly requires before experimental stage. As these
reason, the stability analysis of time-delay system have become a study research field during
the past years.

In many applications, chemical or physical engineering system are governed by per-
turbations. Due to inaccuracy in model parameter measurements, data input, disturbance
and any kind of unpredictability, such systems always involve uncertainties and perturbations.
Generally speaking, these perturbations may cause the oscillation deterioration and give rise
to instability of the system, such as linear and time-delay would do, even if the perturbations
are tiny [2-6],[8-9],[11-14],[23].

In stability problem of time-delay system, to derive less conservative criteria guaran-
teeing the stability of the system is key purpose. The maximal allowable upper bound (MAUB)
of time-delay is one of the important indexes to check conservatism of stability criteria in the
system. Therefore, many researchers have tried to develop such conditions which ensure the



stability for MAUB of time-delay as large as possible. In line with this, several remarkable ap-
proaches have been reported such as free-weighting matrix approaches [20] , delay partitioning
approach, reciprocally convex approach, augmented Lyapunov method. [17]

Motivated by the above discussions, we shall derive new criteria for time-varying delay
systems. The main contributions of our studies are the followings: (i) The time-delay functions
are only required to be continuous but necessarily differentiable. (ii) By employing an improved
integral inequality in [22], we derive less conservative for time-varying delay systems with non-
linear perturbation.

In independent study is organized as follow : Section 2 presents definitions and some
well-known technical propositions needed for the proof of the main results in Section 3. Time-
varying delay systems with non-linear perturbation, given illustrative numerical examples are
show in Section 4. Section 5 give the conclusion of paper.

2 Problem formulation and preliminaries

Definition 2.1 [17] The trivial solution (z(¢) = 0) of system (1) is said to be asymptot-
ically stable (A.S.) if it is stable and ||z(¢)|| — 0 as t — oc.

Proposition 2.1 [18] Let E, H and F be any constant matrices with appropriate dimen-
sions and FTF < I. For any € > 0 , we have

EFH + HT'FTET <e¢EET + e 'HTH.

Proposition 2.2 [1]  (Schur complement lemma.) Given constant matrices X,Y, Z with
appropriate dimensions satisfying X = X7, Y = Y7 > 0. Then X + Z7Y~'Z < 0 if and only if

X 7t -Y Z
7 _y <0 or g7y < 0.

In this project, we consider time-varying delay systems with non-linear perturbations that
can be described by linear differential difference equation:

#(t) = Az(t)+Br(t—h(t)+F f(z(t), t)+Gg(a(t—h(t)),t),t > 0 (1)
z(t+n) = ¢(n),¥n € [~h,0] (2)

with x(t) € R" as state vector of the system A, B, F,G € R™™ constant matrices ¢(e)
continuous vector-valued initial function the time-varying delay h(t) is satisfying

0<h, <h(t) <h (3)



ha, hy being constants f(z(t),t) and g(z(t — h(t)),t) are unknown nonlinear perturbations
with respect to x(t) and x(t — h(t)), respectively assumed as

SH@ (@), 0)f (x(t),1) < oz (1)x(t) (4)
9" (x(t=h(t)), t)g(=(t— ()) t) < Bt (t=h(t))z(t—h(t)) ()

where a > 0,3 > 0 are known scalars, ' and GG are known constant matrices, Vo € R".
The following lemma is useful for our main result :

Lemma 1. [20] Let z be a differentiable function : [a, §] — R™. For symmetric matrices
R € R™™ and Z,, Z5 € R¥3", and any matrices Z, € R¥3" and Ny, N, € R3™" satisfying

Z1 Zy Ny
* Zg N2 Z O, (6)
x *x R

the following inequality holds :

3
_/ &' (s)Ri(s)ds < @] (v, B) U171 (e, B),

@10, ) = [ﬂ(ﬂ), (a), 5 / ﬂxT<s>dsr,

Uy = (8—a)(Zi+1Z3) + Sym{N, [I, —I, O] +No[-1, —I, 2I]}.



3 Main result

Theorem 1

The system (1) is asymptotically stable if there exist positive definite matrices, P, @Q;, R;,
(1 = 1,2,3), positive semi-definite matrices Z;, Z3 and any matrices Ny, Ny such that the fol-
lowing LMIs hold :

Z1 Zy Ny
* Zg NQ Z 0, (7)
x xR
[Z11 Z12 Zi3 Zu Zi5 Z6 S Zis 00 Eio Ein |
*x 522 523 524 0 0 O 0 0 5210 0
* * 533 534 0 0 0 0 0 5310 0
% * % 544 0 0 O 0 0 5410 0
* * * * 555 E56 557 0 E59 0 0
== x % % ok ox Zg 0 Feg Zgg O 0 <0, (8)
* * * * * x = 0 0 0 0
* * * * * * Zss 0 0 0
* * * * * * * x  Zgg 0 0
* * * * * * * * *  =1010 O
| * * * * * * * * * * Z111 |
where
Ju Ji2 Jis %Kll %Ku %Kw
Zy = |Jn Jao Jas|, Z3 = %Km %K22 %K23 )
J31 Jz2 Ja3 %K31 %K:sz %K33
Ly Ly =Ly O
N1 - L21 [[ —I O] - LQl —L21 O 5
L3y L3y —L3 0
Li, —Li, Lj
NlT = _Lgl _L2Tl _L3T1 )
0 0 0
My, My —My 2My

M31 _M31 _M31 2M31



—M{, =My, —My,
Ny = | =M, —My —My |,
2M{, 2Mj 2M)

En = (ATP+ PA) 4+ (Q1 + Q2) + (2L + 2LT, — 2Myy — 2M]} + ho(Ju + 52))
ho( T + K1) 4+ AT (hg Ry + by Ry + (hy — ha) Ra) A + 2102 — AW — WA
Eio = PB+ AT(h,Ry + hyRy + (hy — ho)R3) B + 401 4 B
S5 = PF 4+ AT(hoRy + hyRy + (hy — ha)R3)F + FWl,
E1y = PG+ AT (hoRy+hyRo+(hy—hg )Rg)G—FGl,:w = L21—L11—M11—M21+ha(z]12+%)7
E16 = Loy — L1 — My — Moy + hy(Jio + K12),Z17 = Lay + 2Myy — May + ho(J13 + K22,

— _ K — _ AW W, =
Eig = L3y +2Myy — M3y + hy(J13 + 532),Zn0 = 55+ — 3.5 =T,

Z9s = BT (hoRy + hyRo + (hy — ha)Rs) B+ 2021 + 162 + [e5 + 200 4 2% _
Z93 = BT (ho Ry +hyRo + (hy — he) Ry) F+ £ =5y = BT (ho Ry +hyRo+ (hy— o) R3) G + S0
Eoro = 208 — W1 Egs = FT(hoRy 4+ hyRs + (hy — ha)Rs)F — &1,
Esy = FT(heRy + hyRy + (hy — ha) R3)G, Eg10 = %;
Eu = G (hoRy + hyRo + (hy — ha)R3)G — 21,410 = %,
Bs5 = (Qs — Q1) — Loy — Moy — L) — M3} + ho(Jap + £2) + Lyy — Myy LT, — M}
+(he — ha)(J11 + %)7556 = Lo1 — L1 — My — My + (hy — ha)(J12 + @)a
Es7 = —Ls1 + 2My1 — My + ha(Jos + 52) Zsg = Lay + 2Myy — Msy + (hy — ha)(Ji3 + £32),
Zo6 = (—Q2 — Q3) — Loy — Moy — L, — M3, + hy(Jas + T) — Loy — My — L, — M7,
+(ho — ha)(Joo + £22) Egs = —Lgy + 2Ma1 — My + hy(Jog + £22),
Ee9 = —La1 + 2My1 — My + (hy — ha)(Jos + 52),Br7 = 2Myy + 2MJ} + ho(Js3 + £32),
Ess = 2Msy + 2MJ) + hy(Js3 + £33) Zog = 2M31 + 2M3; + (hy — ha)(J33 + £33),

= __wm W= _ _ 1
21010 = T3 T 3 =111 = T

Proof. We introduce a following Lyapunov-Krasovskii functional :
V(t) = Vi(t)+Va(t)+Va(t), (9)
where

Vi(t) = 2T () Pa(t),

Va(t) = /ttha +(5)Qra(s)ds + /tthb 7 (5)Qaz(s)ds + /t 7 (5)Qs2(s)ds

—hy



/ / s)Ry2(s d5d9+/ / s)Ryi(s d3d9+/ / s)R3z(s)dsdf.
he Jt+0 hy Jt+6 hy Jt+6

By taking derivative of V (t) for ¢t € [0, o0] along the trajectory solution of (1) yields

V(t) = Vi(t) + Va(t) + Va(t). (10)
From (1 ) and (9), we obtain
Vl(t) @1 (t)Px(t) + 27 () Pi(t)

ol (t)Pi(t) + 27 (t) Pi(t)
= 227 (t)Pi(t)
= 22T (t)P[Ax(t) + Bx(t — h(t)) + Ff(x(t),t) + Gg(z(t — h(t)),t)]
= [2T(#)2PAz(t)] + [2T ()2PBx(t — h(t))] + [2T () 2PF f(x(t),t)]
+a(8)2PGy(x(t — h(t)),1)]
= [T (t)(PA+ PA)x(t)] + [T (¢)(PB + PB)x(t — h(t))]
+[zT(t)(PF + PF) f(x(t),t)] + [T (¢)(PG + PG)g(x(t — h(t)),t)]
= [(z"(t) PA)SE(t)) + (@ () (PA)z(1))]
'+ (& ()(PB)z(t — h(t)))]
'+ (2T (6)(PF)f(2(t).t)
(t— h(t)) )" + (@ () (PG)g(a(t — h(t)),t))]
ATP)x(t)) + (2T (t)(PA)z(t))]
o (t)(BTP)a(t — h(t))) + (a7 (¢)(PB)z(t — h(1)))]
1) + (@ (O)(PF) f(x(t),
t)),t)) + (&7 (t)(
|+ 27 (t)PBx(t —
1)+t (t —h(t ))BTPZ‘ t
). (11)

= [2"(O)Qux(t) — 27 (t = ha)Q12(t — ho)]

2" (#)Qax(t) — 2™ (t — hy) Qo (t — hy)]
(2" (t = ha)Qs(t — ha) — 27 (t — hy) Qs (t — hy)]
=27 (t)(Q1 + Q2)x(t) + 27 (t — ha)(Q3 — Q1) (t — ha)



.QTT(t— hb)(—QQ — Qg)l‘(t— hb)

From (9),we obtain
Va(t) = [ha(&" (1) Ruie(t)) — &7 (¢) Rud(¢) + ‘T( — ha) Rai(t — ha)]
A (&7 (8) Rod:(t)) — &7 (8) Ro(t) + 27 ( — hy) Rot (t — )]
H(hy — ha) (@7 (£) R3d () — &7 (t — ha) Rad:(t — ha)
+aT(t — hy) Rz (t — hy)]

= 7 (t)(ho Ry + hyRy + (hy — he) R3)3(t) — /tth 7 (s)Ry2(s)ds

_ /t jhb i (5) Roii(5)ds — /t T () R (5)ds.

—hy

From Uy = (8—a)(Z1+ 3Z3) + Sym{N, [I —I 0] +N,[-1 —I 2I]},
we have
[911 D12 Q13]
Q= [Qa1 Qo o3,
Q31 Q32 (33
where
Qi = Lu + L], + My + M} + (8 — a)(Ju + 5 K11),
Qup = L3, — L1y — My — My + (8 — @) (Ji2 + 5K12),
Qg = L3 + 2Myy — M, + (6 — ) (Jis + 5 K13),
Qo1 = Loy — L{} — Moy — M{} + (8 — &) (Jor + %Km):
Qog = —Lgy — LY, — Moy — ML + (B — a)(Jpe + %K22)7
Qoz = =L +2My; — ML + (B — a)(Jas + %K23)7
Qg1 = L1 + 2M{) — M3 + (8 — o) (Js1 + 5K31),
Qap = —La1 — My + 2My + (8 — a)(Js2 + 5K3),
Qa3 = 2My; + 2ME + (8 — ) (Jss + S K3).

From Lemma 1. and we let

Uiy = (ha)(Z1+525) + Sym{Ni [T =1 0] + Ny [=1 —T 21]},



t
we have —/ &7 (s)Ry2(s)ds
t—ha

x(t)
oo s f o[

=27 (t)(Lyy + LT, + My + ML+ (he)(J11 + %Kn))ﬂv(t)

+2(t — hq)(Lay — LYy — Moy — M} + (ha)(Ja1 + 5K2))x(t)
1 [t 1

+h— / J]T(S)dS(L31 + 2M171 — M31 + (ha)(J31 -+ gKgl))ZL‘(t)
a Jt—hg

+a (t)(LE, — L1y — My — M3 + (he)(J12 + 5K12))x(t — hy)

+2T o)(—Loy — L3 — Moy — M, + (hy)(Ja2 + £ Ka2))2(t — hy)

s)ds

1 1 [
+$T(t)(L§1 + 2]\/[11 — M371 + (ha)<J13 —+ §K13>)h—/ LT)(S)dS
a Jt—hg

1 1 [
+Q?T(t — h,a)<—L,§1 + 2M21 — Mgi -+ (ha)(J23 -+ §K23))h_/ l'(S)dS
a Jt—hg

1 1/
—/ dS 2M31+2M31+<ha)(J33+§K33))h_/ iL‘(S)dS.
a Jt—hg

t
By using the same approach as in (14), we obtain —/ i (s) Ry (s)ds
t—hy,

()

I —
< [xT(t) (= hy) — / xT(s)ds} W, |, )
hy Ji—p, —/ x(s)ds
ho Jo—n,
= JIT(t)<L11 + L —|— M11 + Mll + (hb>(<]11 + Ku)) ( )
+al'(t — ) (Lay — LY — Moy — M} + (hy)(Joy + 5Ka1))z(2)
I 1
+h— xT(S)dS(Lgl + 2M171 — M31 -+ (hb)(ng + gKgl))l’<t>
b _
+Q§'T(t)(Lgl — L11 — Mll — M2Tl + (hb)(J:[Q + %Klg))l'(t — hb)
+aT(t — hy)(—Loy — L, — My — M, + (hy) (a2 + %KQQ))x(t — hy)
1 t

1
+h— ZL‘T(S)CZS(—L31 — M31 + 2M£ + (hb)(Jgg + gKgg))x(t — hb>
b Jt—hy

' (t—nh
1 1
+h— /t — o) 2T (s)ds(—Lsy — Msy 4+ 2MJ + (he)(Js + §K32))x(t — hy)

(14)



1 1/t
+$T(t)(Lgl —+ 2M11 — M371 + (hb)(Jlg + §K13))h—b/ I(S)dS
t—hy,

1 1 [t
+1’T(t — hb)(_Lgl + 2M21 — Mg; + (hb)(Jgg + §K23))h_b/ QT(S)CZS
t

1 [ 1 [
+— I(S)d8(2M31+2M3€+(hb)((]33+—K33))—/ JZ(S)dS,
hb t—hy 3 hb t—hy

t—ha
Similarly, we have —/ i (s)R3i(s)ds
t—hy
x(t — hy)
1 t=ha t—nh
< [mT(t —he) T (t — hy) —/ xT(s)ds} Uy o t_hi)
hy —ha Jip,

= IL’T<t — ha>(L11 + L{l + M11 + Mﬂ + (hb — ha)(JH + %KH))x(t — ha)
2T (t = hy) (Loy — LTy — My — M + (hy — ha) (Joy + 2 Koy ))a(t — hy)

1 tha 1
+ / I'T(S)dS(Lgl + 2M171 - M31 + (hb - ha)(ng + —Kgl))l‘(t - ha)
h/b - ha t*hb 3

+aT(t = ho) (L — Ly — Myy — M + (hy — o) (Jiz + 2K12))x(t — hy)
+aT(t — hy)(— Loy — LYy — May — M + (hy — ha)(Jaz + 1Ko))(t — hy)

1 t=ha 1
+ / l’T(S)dS(—Lgl — M31 + 2M271 + (hb — ha)<<]32 + §K32))$(t — hb)
t

hb - ha —hy,

1 1 t=ha
2 (t — ho) (LY, + 2My — M+ (hy — ho) (13 + —Klg))—/ x(s)ds
3 hy — ha Ji_,

1 1 t=ha
2 (t — hy) (= L3, +2My — M3, + (hy — ha)(Jos + —K23))—/ z(s)ds
t

3 hy — hg

,hb

1 fhe 1 1 tha
+ / :E(S)ds(2M31+2M§1+(hb—ha)(J33—|——K33)) / x(s)ds,
t t

Iy — ha Jin, 3y = he

—hy

1
x(s)ds
hb_ha /thb ( )

(15)

(16)



We may express the term &7 (¢)(hoR1 + hyRo + (hy — he) R3)2(t) as follows :
&7 (t)(ha Ry + by Ry + (hy — ha) R3)2(t)
= [Az(t) + Ba(t — h(t)) + F f(z(t),t) + Gg(z(t — h(t)),£)]"
(haR1 4+ hyRo + (hy — he)R3) @ (t)[Ax(t) + Bx(t — h(t)) + F f(z(t),t)
+Gyg(z(t — h(t)), 1))
= 2T (t) AT (hyRy + hyRa + (hy — ha) R3) Az (t)
+aT (t) AT (ho Ry + hyRy + (hy — he)R3)Bx(t — h(t))
+aT(t) AT (ho Ry + hy Ry + (hy — ho)R3)F f(z(t), 1)
2T (1) AT (hoRy + hyRo + (hy — ha) R3)Gg(z(t — h(t)),t)
(t — h(t))BT (haRy + hyRy + (hy — he) R3) Ax(t)
( (
(
(
(

+

+
8
S

t— (hy — ha) R3)

t — h(t)) BT (hoRy 4+ hoRo + (hy — ha)R3)Bx(t — h(t))

t — h(t))B" (heRy 4+ ho Ry 4 (hy — ha)Rs)F f(x(t), t)

t — h(t))BT (haRy + hyRy + (hy — he)R3)Gg(x(t —

), 1) FT (hoRy + hyRy + (hy — he) R3) Ax(t

t),t)FT(hoRy + hyRy + (hy — ha)R3)Bx(t — h(t))

t),t)FT (ho Ry 4 hyRo+ (hy — ho) R3) F' f (z:(¢), t)

+fT(z(t), ) FT (hoRy + hyRo + (hy — 3)Gg(x(t — h(t)),t)
),
);
);
);

Xz

(z(t = h(1)),?)
)

+fT(x(t

X

(x(
(x(
(x(

ha) R
x h(t GT(hoR1 + hyRy + (hy — ha) R3) Az (t)
o) R3)Bx(t
o) R3)F f(x
o) R3)Gg(x

D‘

(

(t
(t
(

t

)):1) (

), )G (ho Ry + hyRo + (hy —
), )G (ho Ry + hyRo + (hy —
), )G (ho Ry + hyRo + (hy —

—h(t))
(t),1)
(t -

D‘

(
((
((
+g7 (x(
((

h
h
h
+g7 h

t—
t—
t—
x(t—h

h(t)), 1)

Note that for any &1 > 0,e9 > 0, it follows from (4) and (5) that

ezt ()a(t) — f1(x(t), 0) f(x(t),0)] = 0

and

e2[B%a" (t—h(t))x(t—h(t)) — g" (x(t = h(t)), t)g(x(t—h(t)),1)] = 0.

By using the following identity relation
(t) — (Ax(t) + Ba(t — h(t)) + Ff(x(t),t) + Gg(x(t — h(t)), 1)) = 0,

we have

(17)

(18)

(19)



[27(t) + 2 (t = h(t)) + 2T (O](=W1)[E(t) — (Az(t) + Ba(t — h(t) + Ff(2(t).t)
+Gg(x(t — h(t)),t))] = 0, where W7 is a positive definite matrix.
It follows that [z (t) + 27 (t — h(t)) + &7 (t)|(—W1)[2(t) — Az(t) — Bx(t — h(t))
—Ff(xz(t),t) = Gg(z(t — h(t)),1)]
= ol (t)(=W1)(&(t)) + 27 () (=W1)(—Ax(t))

+at ()(=W1)(=Bx(t — h(1)) + 2 (t)(=Wh) — (Ff(z(t), 1))

+at(t)(=W1) — (Gg(a(t — h(t)). 1))

+al(t = h(t))(=W)(&(t) + 2T (t = h(t)) (=W1)(—Ax(t))

+al(t = h(t))(=Wi)(=Bx(t — h(t))) + =" (t = h(t))(=W1) — (Ff((t),1))

+al(t = h(t))(=W1) — (Gg(a(t = h(t)), 1))

+aT () (W) (&(1)) + 2" (t = h(2)) (= W1)(—Ax(t))

+aT(8) (=W1)(=Bax(t — h(t))) + 2T (t — h(t)) (=W1) — (Ff(2(t),1))

+aT () (=W1) — (Gg(x(t — h(t)), 1)) = 0. (20)

By using the following identity relation

2P (t—nh(t))Tz(t—h(t)) =zt (t—h(t))Tz(t—h(t)) = 0,T > 0. (21)
From Proposition 2.1, we obtain
ot (t—h(t)z(t—h(t)) < ()T 2T (t—h(t))Tx(t—h(t))+ex(t—h(t))z" (t—h(t)), (22)

Combine (10) and (14)-(22),
V(t) < €M(1)EE() (23)

where

() = [ (), 2" (t = h(t)) ,

s
~

(I(t)7t> ) gT(l’(t - h(t))=t> ) IT@ - ha) ) xT(t - hb) )

Lt g Lt g 1 (he T T
h_/ x"(s)ds h_/ z (s)ds ﬁ/ ' (s)ds , &' (t) ],
a Jt—h b Jt—hy b la Jt—hy
=1 512 E13 514 Z15 Z16 Z1r Zis O Eno
* oo EQ3 Em 0 0 0 0 0 5210
* * 533 Eg4 0 0 0 0 3310
LS * * §44 0 O 0 0 O §410
=_|* * * k Z5 Zs6 Zsr 0 S5 0 <0
- x %k x % Zgg 0 Zeg Zgg O ’
* * * * * x Zpr 0 0 0
* * * * * * % Zgg O 0
* * * * * * * % g 0
* * * * * * * * * E1010




(11|

1= (ATP + PA) + (Q1 + Q2) + (2Luy + 2LT, — 2Myy — 2M] + ho(Jy1 + 1))
thy(Juy + K1) + AT(ho Ry + hy R + (hy — ha) Ra) A + 21021 — AW WEA
12 =PB+ AT (hRy + hy R + (hy — ho)R3) B + 404 + 2
13 = PF + AT(hoRy + hyRy + (hy — ha) Rs) F + 51,
14 = PG + AT(h Ry + hyRy + (hy — ha) R3)G + <42,
15 = Lot — Ly — Myy — Moy + hy(Jio + 512) 16 = Loy — Ly — Miy — Moy + hy(Jio + 532),
17 = Ly +2Myy —Ma1+-ho(Jis+512) Eig = Ly +2Myy — My +hy(Ji3+583) Epqp = 42210
= BT (hoRy + hyRo + (hy — ho)R3)B + 23°1 + ]Ez B 4 Ies+ BW2 4 BV BWT
T(hoRy + hoRy + (hy — )Rg)F SRpaay
T(hgRy 4+ hyRa + (hy — he)Rs)G + €M 5y )y = B _ W1
)
(

[1]]

(11l

[ [ ol

[1]]

N
[\e)
|

[1]]

)
@
I

2 2
T(hoRy 4+ hyRo + (hy — ho)R3)F — 51[ Z34 = FT(hoRy + hyRy + (hy — ha) R3)G,
W1 Euu = GT(hoRy + hyRo + (hy — ho)R3)G — €21, Eqyo = S22,
5 = (Q3 — Ql) — Loy — Moy — LY, — M3, + ho(Jao + %) + Liy — My LT, — M}

+(ho — ha)(J11 + @)556 = Loy — L1y — My — Moy + (hy — he)(J12 + @),

= —Lg1 + 2May — My + ha(Jas + £2) Esg = Lyy + 2Myy — My + (hy — ha) (J13 + 52,
(—Q2 — Q3) — Loy — My — L3, — M, + hy(Joo + @) — Lyy — Moy — L3, — M3,

+(hb — ho)(Ja2 + KQQ) Zes = — L3y + 2Moy — My + hy(Joz + & =),

o
@
I

lg]l
I
= 3 W

(1 [

w
=
S

I

(11|
ut

[I]I

[I]I

68

Ze9 = —Ls1 + 2May — My + (hy — ha)(Jas + @)EW = 2Ms, + 2M3T1 +ha(Jas + %)’
Ss = 2Myy + 2M + hy(Jag + K82) Bog = 2May + 2M5 + (hy — ha) (Jas + Ks2),

= _ wi

—1010 — — 75" T T3 -

From (23) and Proposition 2.2, it is easy to see that V(t) < 0.

Hence, from Definition 2.1, we conclude that system (1) is asymptotically stable.



4 Numerical Examples

In this section, four numerical examples are given to illustrate the validity and superiority
of the proposed scheme.

Example 1. In order to demonstrate effectiveness of the method, we set the following
parameters :

—-1.2 0.1 —-0.6 0.7 10 10
A= {—0.1 —1] B = l—1 —0.8} = [o 1] &= [O 1}‘
It is assumed that non-linear perturbations satisfy
), ) f (@), 1) < o?a" (Ha(t),
g (x(t = h(t), t)g(x(t — h(t)),1) < BT (t — h(t))z(t — h(t))
and 0 < h, < h(t) < hy.

We assume that with satisfy

 WVEOTRD] (VAR TS
/= { 2(0) +x3<t>} 9= [ws%(t ) T 23— (D))

h(t) =1+ sin®(t).

By taking parameters = 0 and = 0.1, we get Example 1. remains feasible for
any delay time h;, < 4.3159. In case of hy = 4.3159, Theorem 1 yields the following

set, of feasible solutions :

P [2.3830 —0.0418}’

4.0744 0.0003
—0.0418 1.6576 ’

@ = [0.0003 4.0750

Qs = [2.4251  0.0001 Qs = 5.9909  —0.0002
27 10.0001 2.4252| ® 7 1-0.0002 5.9904 |’
R _ [ 0:0046  —0.0001 R, [ 0-0011  —0.0000
' |=0.0001  0.0024 |’ >~ [-0.0000 0.0005 |’
R, | 0:0014  —0.0000 . — | 0-0268  —0.0041
>~ [=0.0000 0.0007 |’ ' |-0.0041  0.0585 |’
T 11447 0.0000 Jo — [71:3109 —0.0000
10,0000 1.1447) 27 |=0.0000 —1.3109|

. [37044 0.1637 4. — [1:5015 0.0000
70,1642 3.9969] 2710.0000 1.5015)’

5o [22487 00170 5o [ 16108 —0.001
7 1-0.0168 —2.2791] %7 1-0.0001 1.6108 |’



o [5-8900° 0.0000 o [3-3082 0.0007

"7 0.0000 5.8920) 27 10.0023 3.3130)
P [—9.7268 —0.0032 Fo — | 10215 —0.0012
B -0.0041 —9.7374) #7 1-0.0012 1.0196 |’
o — [—1.2643  0.0006 Foun — |2:24260.0002
#710.0008 —1.2634] % 710.0002 2.2438|

€1 = 721078, €9 =40.4170, &5 = 450.0000.

0 10 20 30 40 50 60 70 80 920 100

Figure 1 The trajectory of the solution of system (1) in Example 1 with h;, = 4.3159.

Table 1 : MADBs h,, for different o and § for Example 1.

Method hy a=0,=01|h,a=0.1, 3=0.1
Cao and Lam|[2] 0.6811 0.6129
Han[4] 1.3279 1.2503
Zuo and Wang][23] 2.7422 1.8753
Qi et al.[12] 2.7423 1.8753
Chen et al.[3] 2.7423 1.8753
Qiu et al.[13] 2.7757 1.8959
Kwon et al.[5] 27758 1.8950
Kwon and park[6] 2.7753 1.8959
Liu[9] 2.7429 1.8895
Rakkiyappan[14] et al. 2.9816 1.9805
Lakshmanan et al.[8] 3.0853 2.0974
P.-L.Liu[11] 3.4863 2.6144
Theorem 1 4.3159 4.3158




Example 2.

A=

Consider the system (1) with the following parameters :

2
0

0
-1

1
1

0
-1

ENEREEY

1

k

, G

Table 2 : MADBs hy, for different methods for Example 2.

Example 3.

A=

Method hy

Park ans Kwon[10] | 1.0
Kwon et al.[5] 3.4039
P-LLw[ll] | 3.6654
Theorem 1 4.3143

0
1

|

Consider the system (1) with the following parameters :
0 0
Jo=los

Table 3 : MAUB h,, for various Method for Example 3.

2
0

0
-0

1
1

0
-1

Jo-[

00
Jr=los

Method hy
Seuret and Gouaisbaut[15] 4.703
Kwon et al.[7] 4.8117
Zeng et al.[20] 4.788
T.H.Lee et al.(Remark3)[16] | 4.8076
T.H.Lee et al.(Corollary1)[16] | 4.8257
T.H.Lee et al.(Theorem 1)[16] | 4.8313
Theorem 1 4.9252

|

Example 4. Consider the system (1) with the following parameters :

|

0
-1

1
-2

| 5

0 0
S

0 0
b o]

0 0
0 0

Table 4 : MAUB h,, for various Method for Example 4.

Method hp
Seuret and Gouaisbaut[15] | 6.5906
Kwon et al.[7] 7.1250
Zeng et al.[20] 7.1480
T.H.Lee et al.(Remark3)[16] | 7.1550
T.H.Lee et al.(Corollary1)[16] | 7.1582
T.H.Lee et al.(Theorem 1)[16] | 7.1672
Theorem 1 7.1799

|



5

Conclusions

By choosing an appropriate Lyapunov-Krasovskii functional and using an improved Free-

matrix-based integral inequality for stability analysis of systems with time-varying delay, it has
been shown by four examples that our obtain stability criteria are effective and less conservative
the some existing results.
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MATLAB CODE
1. MATLAB CODE for finding solution of examples 1

A=[-
B=[
F=[
G=1
I=[
O=1
E1=72.1078
E2=40.4170
E3=450
V=0
S=0.1
ha=1
hb=4.3159
setlmis ([
P=1lmivar(l, [2,1
Ql=1lmivar
Q2=1mivar
Q3=1mivar
Rl=1lmivar
R2=1mivar (1,
R3=1mivar (1,
T=Imivar (1, [
Jl1l= lmlvar(l
J22=1mivar (1,
J33=1mivar (1l
Hll=1lmivar (1
H22=1mivar (1
(1
(1
(1,
(1,
[

I—‘/-\,-\,-\/-\/-\/-\

H33=1mivar
Kll=Ilmivar
K22=1mivar
K33=1mivar
R=1lmivar (1,
Wl=Ilmivar (1,
Jl2=1mivar (2
Jl3=1mivar (2
J23=1mivar (2
Hl2=1mivar (2
Hl3=1lmivar (2
H23=1mivar (2
Kl2=1mivar (2,
(2
(2
(2
(2
(2
(2

4

~ SN N~ N

~

Kl3=1lmivar
K23=1mivar
Lll=1lmivar
L21=1lmivar
L31l=1lmivar
Mll=lmivar

N~ N N~ N

~

NN NDNDDNDNDDNDDNDDNDDNDS
~



M21=1lmivar (2, [2,
M31l=1lmivar (2, [2,

Imiterm([-1 1 1 J111,1,1);
Imiterm([-1 2 1 -J12],1,1);
Imiterm([-1 2 2 J22]1,1,1);
Imiterm([-1 3 1 -J13],1,1);
Imiterm([-1 3 2 -J23],1,1);
Imiterm([-1 3 3 J33],1,1);
Imiterm([-1 4 1 -H11],1,1);
Imiterm([-1 4 2 -H12],1,1);
Imiterm([-1 4 3 -H13]1,1,1);
Imiterm([-1 4 4 K11],.5*1,(1/3),'s
SYMMETRIC?)

Imiterm([-1 5 1 -H12],1,1);
Imiterm([-1 5 2 -H22]1,1,1);
Imiterm([-1 5 3 -H23]1,1,1);
Imiterm([-1 5 4 -K12],1, (1/3));
Imiterm([-1 5 5 K22],.5*1, (1/3)
SYMMETRIC?)

Imiterm([-1 6 1 -H13],1,1);
Imiterm([-1 6 2 -H23],1,1);
Imiterm([-1 6 3 -H33],1,1);
Imiterm([-1 6 4 -K13],1, (1/3));
Imiterm([-1 6 5 -K23]1,1, (1/3));
Imiterm([-1 6 6 K33],.5*1, (1/3),"
SYMMETRIC?)

Imiterm([-1 7 1 -L11],1,1);
Imiterm([-1 7 2 -L211,1,1);
Imiterm([-1 7 3 -L311,1,1);
Imiterm([-1 7 4 -M11],1,1);
Imiterm([-1 7 5 -M21],1,1);
Imiterm([-1 7 6 -M311,1,1);
Imiterm([-1 7 7 R1,1,1);
Imiterm([2 1 1 P],A'",1,'s");
Imiterm([2 1 1 Q11,1,1);
Imiterm([2 1 1 Q21,1,1);
Imiterm([2 1 1 L11]1,.5*2,1,'s");
SYMMETRIC?)

Imiterm([2 1 1 -L11],.5*2,1,'s");
SYMMETRIC?)

Imiterm([2 1 1 M11],.5*2,-1,"'s");
SYMMETRIC?)

Imiterm([2 1 1 -M11],.5*2,-1,"'s");
SYMMETRIC?)

Imiterm([2 1 1 J111,.5*ha,1,'s");
SYMMETRIC?)

Imiterm([2 1 1 K111, .5%*ha, (1/3),

(NON SYMMETRIC?)

Imiterm([2 1 1 J11],

SYMMETRIC?)

Imiterm([2 1 1 K11],

(NON SYMMETRIC?)

Imiterm([2 1 1 R17,

(NON SYMMETRIC?)

2]);
21);

.5*%hb,1,'s

.5*hb, (1/3),

.5*A'"*ha,A, 's

")

")

s');

')

s');

')

o® 0 o0 o A O o° d° o°

oo

o® o0 o o°

o\

o® o° o o° o°

o°

o° o0 o0 A0 O o° O o° d° o

o\

o\

LMT
LMT
LMT
LMT
LMT
LMT
LMT
LMI
LMTI
LMI

LMTI
LMI
LMI
LMI
LMI

LMI
LMI
LMI
LMI
LMI
LMI

LMI
LMI
LMI
LMI
LMI
LMI
LMI
LMI
LMI
LMI
LMI

LMI

LMI

LMI

LMI

LMI

LMI

LMI

LMI

#1:
#1:
#1:
#1:
#1:
#1:
#1:
#1:
#1:
#1:

#1:
#1:
#1:
#1:
#1:

#1:
#1:
#1:
#1:
#1:
#1:

#1:
#1:
#1:
#1:
#1:
#1:
#1:
#2:
#2:
#2:
#2:

#2:

#2:

#2:

#2:

#2:

#2:

#2:

#2:

J11
J12"
J22
J13"
J23"
J33
H11'
H12'
H13'
K11*(1/3) (NON
H12'

H22'!

H23'
K12'*(1/3)
K22*(1/3) (NON
H13'

H23'

H33'
K13'*(1/3)
K23'*(1/3)
K33*(1/3) (NON
L11'

L21"

L31!

M11'

M21'

M31'

R

A'*P+P*A

Q1

Q2
2*L11 (NON

2*L11" (NON
-2*M11 (NON
-2*M11" (NON
ha*J11 (NON
ha*K11* (1/3)
hb*J11 (NON
hb*K11* (1/3)

A'*ha*R1*A



Imiterm([2 1 1 R2],

(NON SYMMETRIC?)

Imiterm([2 1 1 R3],

(NON SYMMETRIC?)

Imiterm([2 1 1 R3],

(NON SYMMETRIC?)

Imiterm([2 1 1 W1],

(NON SYMMETRIC?)

.5*A'*hb,A, 's");

.5*A'"*hb,A, 's");

.5*A'"*ha,-A, 's");

.5*A, (1/2),'s");

Imiterm([2 1 1 -W1],.5*1,A'*(1/2),"'s
(NON SYMMETRIC?)

Imiterm([2 1 1 0], El*VAZ*I)
Imiterm([2 2 1 P],B',1);

Imiterm([2 2 1 R1],B'*ha,d);
Imiterm([2 2 1 R2],B'*hb,A);
Imiterm([2 2 1 R3],B'*hb,A);
Imiterm([2 2 1 R3],B'*ha,-A);
Imiterm([2 2 1 -W1],1,A'*(1/2));
Imiterm([2 2 1 —Wl],l,B'*(l/2));
Imiterm([2 2 2 R1],.5*B'*ha,B,'s");

(NON SYMMETRIC?)

Imiterm([2 2 2 R2],

(NON SYMMETRIC?)

Imiterm([2 2 2 R3],

(NON SYMMETRIC?)

Imiterm([2 2 2 R3],

(NON SYMMETRIC?)

Imiterm([2 2 2 W1],

(NON SYMMETRIC?)

Imiterm([2 2 2 -W1],

(NON SYMMETRIC?)
Imiterm([2 2 2 T],
Imiterm([2 2 2 0]

.5*B'
.5*B'
.5*B'

.5*B,

,=1);
JE2*(1/2)*S7"2*I4+I*E2"* (1/2) *S*"2+I*E3) ;

.5*1,B'*

*hb,B, 's");
*hb,B, 's");
*ha, -B,

's');

(1/2),'s");

E2* (1/2) *S"2*I+I*E2"'*(1/2) *S"2+I*E3

Imiterm([2 3 1 P],F',1);

Imiterm([2 3 1 R1],F'*ha,d);
Imiterm([2 3 1 1,F'"*hb,A);
Imiterm([2 3 1 R3],F'*hb,A);
Imiterm([2 3 1 1,F'"*ha,-A);
Imiterm([2 3 1 -W1],1,F'*(1/2));
Imiterm([2 3 2 R1],F'*ha,B);
Imiterm([2 3 2 R2],F'*hb,B);
Imiterm([2 3 2 R3],F'*hb,B);
Imiterm([2 3 2 R3],F'*ha,-B);
Imiterm([2 3 2 -W1],1,F'*(1/2));
Imiterm([2 3 3 R1],.5*F'*ha,F,'s");

(NON SYMMETRIC?)

Imiterm([2 3 3 R2],

(NON SYMMETRIC?)

Imiterm([2 3 3 R3],

(NON SYMMETRIC?)

Imiterm([2 3 3 R3],

(NON SYMMETRIC?)
Imiterm([2 3 3 0]

Imiterm([2 4 1 P],G'

.S5*F'"*hb,F, 's");

.S5*F'"*hb,F, 's");

.5*F'*ha,-F,'s");

,—E1*I);
1)

(1/2),'s

")

")

oo
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A'*hb*R2*A
A'*hb*R3*A
-A'*ha*R3*A
A*W1*(1/2)
W1'*A'*(1/2)

E1*V"2*1T
B'*P
B'*ha*R1*A
B'*hb*R2*A
B'*hb*R3*A
-B'*ha*R3*A
W1'*A'"*(1/2)
W1'*B'*(1/2)
B'*ha*R1*B

B' *hb*R2*B
B'*hb*R3*B
-B'*ha*R3*B
B*W1* (1/2)
W1'*B'*(1/2)

-T
% LMI #2:

F'*Pp
F'*ha*R1*A
F'*hb*R2*A
F'*hb*R3*A
-F'*ha*R3*A
WL'*F'*(1/2)
F'*ha*R1*B
F'*hb*R2*B
F'*hb*R3*B
-F'*ha*R3*B
WL'*F'*(1/2)
F'*ha*R1*F

F'*hb*R2*F
F'*hb*R3*F
-F'*ha*R3*F

-E1*I
G'*P
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Imiterm([2 4 4 R2],
(NON SYMMETRIC?)
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(NON SYMMETRIC?)
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(NON SYMMETRIC?)

Imiterm([2 5 5 L11],1,1,'s")
Imiterm([2 5 5 M11],1,-1,'s"
Imiterm([2 5 5 J11],

SYMMETRIC?)

Imiterm([2 5 5 K11],

(NON SYMMETRIC?)

Imiterm([2 5 5 J11],

SYMMETRIC?)

Imiterm([2 5 5 K11],

(NON SYMMETRIC?)

Imiterm([2
Imiterm(

6

1

-L21

2 61 -L11

[
Imiterm([2 6 1 -M11
[

Imiterm(
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-wilj,
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-wilj,
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