A NEUTRAL SYSTEM APPROACH TO STABILITY
OF SINGULAR TIME-VARYING DELAY SYSTEM

APARAT AMPANSIRI
PACHARAPAN UENGSRIWONG

An Independent Study Submitted in Partial Fulfillment
of the Requirements for the degree of Bachelor
of Science Program in Mathematics
September 2018
University of Phayao
Copyright 2018 by University of Phayao



Advisor and Dean of School of Science have considered the independent
study entitled "A neutral system approach to stability of singular time-varying delay
system" submitted in partial fulfillment of the requirements for the degree of Bachelor

of Science Program in Mathematics is hereby approved.

(Dr. Wajaree Weera)

Chairman and Committee

(Dr. Teerapong La-inchua)

Advisor and Committee

(Dr. Patcharapan Jumnongnit)

Committee

(Assoc. Prof. Preeyanan Sanpote)
Dean of School of Science
September 2018

© Copyright 2018 by University of Phayao



ACKNOWLEDGEMENTS

In this independent study (I.S.), a neutral system approach to stability of
singular time-varying delay system has been studied. It is worm to point one that
this independent study could not successfully be completed without the kindness of
advisor Dr. Teerapong La-inchua, for his initial idea, guidance and encouragement.
He checked and corrected the fault of this independent study, so we would like
to express us sincere thanks for him. We would like to thank for all lecturers in
Department of Mathematics, University of Phayao, who opened the door of knowledge
to us. We gratefully appreciate our parents for their love sacrifices and encouragement.
Finally, we would like to specially thank the others, who inspired us but are not named

in this acknowledgement.

Aparat Ampansiri

Pacharapan Uengsriwong



o135 04
ganwduai

¢ g
2115 8NUT NI

ANVEaATI AN

maaan

o 1

msliismessuuflunandmsuaiosnesssunenyuiiidnmmag
WSROI
.&3 = ¢

WNFNWETNITH D993 11
UWNEAMDMNTAN WWAS

s ¢ Y a é’
A7.55W9 NA1DULED
A BRL A GG (k]
MUUILTHUIINO AN
W DeTBaLd WD
Waniulayuenansevad

d g

S EAINIS IS BN

JUUDNFTIN

UNANEYD

1
Qg !

Tumsndaseit asdnnifgminofuiadosmunessunienywiiiimiag

wilsiumuna lagdsmsuldsussuuenyuldeylugtssumiunaaud i35 layuenl

a a I's o 192 v { 1 o Iy}
angenaiuadfoanmsnefivmes Ml latenlniioswe sdmsuiadosmuaeg

seuudanan lasiteulufivawsinsduazegluplanmaumindiiadu Soulsitansa

1
Qo 1

i hivageuadoymuaesssuienyuuazssuniiunariidimihanlsdumuna ldlu

U < a dy V L 1 d’ Y @ < a a aq L2 !
ADUMYTNNITANBIDAITSU vl@‘lﬂﬂ@n@SJNLWE]LLﬁ(ﬂ\‘lGl‘VlLﬁuﬂ\‘l‘ﬂ‘igﬂ‘ﬂﬁﬂ”l“l/\l?lE]\TJﬁﬂ”Ii@Nﬂa”l’J



Title

Author

Adyvisor

Bachelor of Science

Keywords

This independent study is concerned with the problem of delay-dependent
stability for a class of singular time-varying delay system. By representing the
singular system as a neutral form, using an augmented Lyapunov-Krasovskii functional
and the Wirtinger-based inequality method, we obtain a new stability criterion in
terms of a linear matrix inequality (LMI). The criterion is applicable for the stability

test of both singular time-varying delay systems and neutral systems with time-varying

delays.

A NEUTRAL SYSTEM APPROACH TO STABILITY
OF SINGULAR TIME-VARYING DELAY SYSTEM
Miss Pacharapan Uengsriwong

Miss Aparat Ampansiri

Dr. Teerapong La-inchua

Program in Mathematics

Time-varying delay,

Asymptotically stable,

Lyapunov-Krasovskii functional,

Neutral systems,

Singular system.

ABSTRACT



LIST OF CONTENTS

Chapter Page
APDPIOVEA . . oot e 1
Acknowledgement . ............o i 11
Abstract in Thai ... il
Abstract in English . ... v
Chapter 1 Introduction and Preliminaries ............... ... .. oiiiiiaa ... 1
Chapter 2 Main resSults . ... e 10
Chapter 3 Numerical Examples ........... . ... .. 22
Chapter 4 Conclusion ... 28
Bibliography . ... e 31
Appendix

APPENAIX ..ttt 36

Mathlab code ...........iiiiiii e 58

Biography . ... e 81



CHAPTER 1

INTRODUCTION AND PRELIMINARIES

1.1 Introduction

Singular systems (also referred to as descriptor, generalized, differential-
algebraic or semi-state systems) arise in a variety of physical systems such as eco-
nomic systems, power systems and many other systems which can be modeled by
dynamic equations and algebraic constraints [4],[6],[16].

It is well known that time-varying delay appears in many dynamic systems
such as digital control systems, long transmission lines in pneumatic systems, manu-
facturing processes and remote control systems, which may cause poor performance
and even instability [1],[3],[10-11],[14].

Recently, increasing attention has been paid to the study of singular time-
varying delay systems due to the fact that such types of systems can better describe
systems than normal ones and have extensive applications in various engineering
systems, including flexible arm control of robots, large-scale electric network control
and lossless transmission lines [7],[9],[17],[20],[23-27],[29].

Recent study of stability analysis for singular time-varying delay systems
mainly focuses on delay-dependent criteria which are usually less conservative than
delay-independent ones, see [9],[17],[20],[23],[25-27],[29] and the references therein,
among which one main index of measuring the conservativeness is the maximum
allowable upper bound on the time-varying delay. It is well known that the Lyapunov
theory has been recognized as a powerful methodology for the stability analysis [13],
and there are two key points to reduce the inherent conservativeness : the construction
of appropriate Lyapunov-Krasovskii functional (LKF) and the way to estimate its
derivative. The simple LKF is employed in [7],[23-25] to investigate the stability of

the singular time-varying delay systems, and rich results have been reported. Several



attempts towards the construction of the LKFs have been done such as adopting
parameterized LKF [17], augmenting serval terms in LKF [20],[27], introducing the
triple integral term [20], and using the delay-decomposition method [9]. Moreover
the delay-decomposition method has been proved to be effective in reduction of
the conservativeness, but it yields heavier computational burden with the number
of delay-partitioning increasing. As for the way to bound some cross terms arisen
when estimating the derivative of the LKF, there are some different methods, among
which the free weighting matrix approach [27],[29] and Jensen’s inequality method
[201,[23],[26-27],[29] are the most popular methods. Recently a new Wirtinger-based
integral inequality was introduced in [2] and it is shown effectively to reduce the
conservativeness for testing stability of normal time-varying delay systems since it
encompasses Jensen’s inequality as the special case. At present, there are no obvious
ways to obtain less conservative results and the singular time-varying delay systems
still need more investigation. This motivates the study in this work.

In this independent study, the problem of stability analysis for a class of
singular systems with time-varying delay is investigated. We aim at establishing a
delay-dependent stability criterion in terms of LMIs which can produce allowable
delay bounds as large as possible and the number of decision variables as few as
possible. Firstly, the considered system is represented as a neutral system under a
moderate assumption. Then a delay-dependent stability criterion is proposed by using
Lyapunov method. The main idea is the transformation of singular time-varying delay
systems into neutral systems and thus new delay-dependent stability test is derived
by using appropriate LKF and the Wirtinger-based integral inequality, which forms
the main contribution of our work. The present result can be used in testing stability
of both singular time-varying delay system and neutral systems. Numerical examples
show in Section 3. Section 4 give the conclusion of independent study.

Notation: In this paper, R" denotes the n-dimensional real Euclidean space;

R™™ is the set of m x m real matrices; the superscript “I” denotes the matrix



transportation, for any square matrix A € R™*™, we define He{A} = A+ AT; || . |
refers to the Euclidean norm of the vector and diag{...} denotes the block diagonal
matrix; P > 0 (P > 0) means that P is a real, symmetric and positive definite
(positive semi-definite) matrix; the symbol ‘x’ represents the symmetric elements in
asymmetric matrix; /,, and 0,, are, respectively, the n X n dimensional identity matrix
and the n X n dimensional zero matrix. Whereas no confusion is caused, we also
use [ and O to denote, respectively, the identity matrix and the zero matrix with

compatible dimensions.

1.2 Problem formulation and Preliminaries

Consider the following linear singular time-varying delay system:

Ei(t) = Ax(t) + Aga(t — h(t)),
z(t) = ¢(1),t € [—ho,0], (1)

where z(t) € R™ is the state variable. h(t) is a time-varying delay which
satisfies 0 < hy < h(t) < hy, and h(t) < D. E A A; € R"™™ are knows real
constant matrices where £/ may be a singular matrix, so and we assume that

rank(FE) =r < n. ¢(t) is a continuously real-valued initial function.

We now tranform system (1) into a neutral system under certain constraint.

To proceed, the following Definitions and Lemmas are needed.

Definition 1 (Dai [1]). The pair (E, A) is said to be regular if
det(sE — A) is not identically zero. The pair (E, A) is said to be impulse free if
deg(det(\E — A)) = rank(E).



Lemma 1 (Xu et al. [24]). If the pair (F, A) is regular and impulse free,
then the solution to the singular time-varying delay system (1) exists and is impulse

free and unique on [0, c0).
From Lemma 1, the following definition is naturally introduced.

Definition 2 (Xu et al. [24]). The singular time-varying delay system (1) is

said to be regular and impulse free, if the pair (E, A) is regular and impulse free.
Lemma 2 (Dai [1]). If the pair (£, A) is regular and impulse free, then

there exists two invertible matrices M € R™*"™ and N € R™*" such that

I, 0 A
MEN = . MAN = . )
0 0 0 I,

According to Lemma 2, if the pair (E, A) is regular and impulse free, invertible

matrices M, N € R™"™ can always be found such that

I ol A, 0 .
MEN = — E. MAN = .y 3)
0 0 0 I,
Let
A, A ¢
MAN = A= |0 TP N () = ult) = puall) , 4)



where the partitions are compatible with the structure of E.

From, Lemma 2, we have

and

ENf(t) = ANu(t) + AaNpu(t — h(t)),

MEN(t) = MAN u(t) + MAgN u(t — h(t)),

Ep(t) = Ap(t) + Aap(t — h(t)).

The following system :

®)



which can be written as follows :
pir(t) = Ayp(t) + Aqpa (t—h(t)) + Agapa(t—h(2)), (0)
0= [Lg(t) + Ad3[1'1 (t—h(t)) + Ad4ﬂ2(t—h(t)) (7)

Inspired by [9] and [13] , we rewrite the second equation. By differentiating (7) ,

we obtain

la(1) + At — h(0) + Agupalt — h(1))] = 0. ®)

By combining (7) and (8) , we have

fio(t) = - pio(t) - Aaspa (t = h(2))(1 = h(t)) - Aaspia(t — h(t))(1 — h(2))
- Agspa (t—h(t)) - Aqapa(t — k(1)) 9)

From (6) and (9) , we can have

fia(t) _
ti2(t)

—pi2(t) — Agzpa (t — h(t)) — Aaapz(t — h(1))

[Aml(t) Al — () + Aupia(t — h(t))]

0 0
(10)

—Aaz —Aa

+ [1—h(t)] { (= 1)
H2(l —

it — h(t»]



Let

R A 0 R A A R 0 0
A= A= | T TR oo Can
0 —I, —Ags —An —Ags —An

Then the system (10) is of the form of a neutral system ,

A(t) = Au(t) + Aap(t = h() + (1 = h(t)) Cht = h(1)) .
p(t) = @(t) , te[=ho, 0] (12)

Definition 3 The equilibrium point x = 0 of system (12) is said to be

asymptotically stable (A.S.) if it is stable and 6 can be chosen such that

| z(0) ||< 6 = tlim z(t) =0

Lemma 3 Let z = 0 be an equilibrium point for system (12) and D C R"
be a domain containing x = 0.

1. If there exists a Lyapunov function V' then the equilibrium point x = 0
of system (12) is stable.

2. If there exists a Lyapunov function V and V(z) < 0 in D — {0} the

equilibrium point z = 0 of system (12) is asymptotically stable.



In this work, we will provide an alternative way to study the stability of
singular time-varying delay system (1) via the neutral system (12). Although the
dynamic responses for system (1) and (12) may be different, it is easy to see that
the stability property for both systems remains the same. That is, the asymptotically
stability of system (12) will guarantee the asymptotic stability of system (1), and vice
versa. With respect to the stability analysis of system (12), it is always assumed that
the spectral radius of C‘(l — D) is less than 1. So the following assumption is made

before our main result.

Assumption 1 Assume that the pair (F, A) is regular and impulse free and

all the eigenvalues of C (1 — D) are inside the unit circle.

Lemma 4 (Seuret and Gouaisbaut [2]). For any constant matrix R € R™*",
R = RT > 0, the following inequality holds for all continuously differentiable

function x in [a,b] — R™ :

/ 7T Ri(s)ds > o (a(b) — ()" R(x(b) — w(a)) + 3 0TRa, (13

b—a




Proposition 2.1 (Schur complement lemma [8]). Given constant matrices
X,Y,Z with appropriate dimensions satisfying X = X7 Y = YT > 0. Then
X +ZTY=1Z <0 if and only if

X zZr -Y Z
<0 or < 0.

Proposition 2.2 (Cauchy’s inequality [5]). Let £/ and H be any constant

matrices. For any € > 0, we have

2FH < e¢EFT + ¢ 'HTH,



CHAPTER 2

MAIN RESULTS

In this section, we present our main result which is for both the singular

time-varying delay system (1) and the neutral system (12).

Theorem 1. Under Assumption 1, system (12) and thus system (1) are
asymptotically stable, if there exist 5n x 5n positive-definite matrix P and n X n
positive-definite matrices )1, Q)2, Ry, Ro, S1, So, W, T, N and M such that the follow-
ing LMI holds:

Uin P Wiz Wiy WUis Ui Uir Uis Ui VUi 0 0 0
*  Woy Woz Woy Was Wye War Wag o 0 0 0 0
* x W3z Wyy Wy Uy Wyr W3s Wy 0 0 0 0
* * * Wyy 0 Wye 0 0 0 0 0 0 0
* * * * Uss  Wse 0 0 0 0 0 0 0
* * * * * WYee 0 Wes Weo 0 0 0 0
w=1| % o«  x  x  x % W U Vg 0 0 0 0o |<o0. (14
* * * * * * * Wgs Wgg Wgig Wg11 0 0
* * * * * * * * Wog Woao 0 Woio 0
* * * * * * * * * U010 0 0 0
* * * * * * * * * * Wit 0 Wi113
* * * * * * * * * * * Wio12 0
* * * * * * * * * * * * Wi313
where

\Ijll:P11A+ATP11+P14+P17;1+P15+P£+Q1+Q2+AT‘91A
+ATS, A+ ATh2Ry A — AR, + ATh2R,A — 4R, ;

‘1’12:—P14+P12121+P24+P25—2R1;

Uy = —Pis + PisA+ Py + Pys — 2Ry ;
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Uiy =P

W5 = Pi3 ;

W16 = hiPiyA + by Pyy + by Pys + 6R,

Uyg = hyPis A+ ho Pl + hyPss + 6R; ;

Ui = Ay P+ A SiA+ Ay A+ Ay W2RyA + Ay h3R,A - WA
+To

Wiy =CTP +CTS A+ CTS,A+ CTh3R A+ CTh3R, A — WA

Wy = WA 5

‘1’22:—P24—P22—Q1—4R1 5

Wos = —Pos — Psg 5

Woy = Pa ;

Wos = Po3 ;

Wos = —h1 Py + 6Ry 5

Uoy = ho P — ho P ;

Wog = AdTpng ;

Wog = CTPL ;

W33 = —P35 — Py — Qo — 4Ry ;

Uy = PL
Wss = Pa3 ;
Was = —hi Pys ;

U3, = hoPE — hoPss + 6Ry ;
~ T

Wag = Aq Png, 5

\Dgg:CA(TPE));

Uy =—51;
Wy =Py, s
Uss = =5y 5
W56 = hlpgj;; 5

Ve = —12R; ;
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Weg = hlAdTPﬂ >

Ugg = h CTPL

Ve = —12R; ;

Uog = h2Ad PL

Wrg = hoCTPL

Ugs = ATS Ay + ATSy Ay + Ay 2R\ Ay + Ay B2RyAg — WA, — A;' W
2T«

g9 = CTS1Ag+ CTS A  + CTh2R1 Ag+ CTh2Ry Ay — CTW — W A ;

Vg9 = WA+ W ;

Vg =1 ;

Vo9 = CTS,C + CTS,C + CTh2R,C + CThiR,C — W
—CTW — 2N + (1 — D)I ;

Ugrg=WCE+W ;

Wgip = NT >

Vigro = —2W

Uiy = —2M + 9021 ;

_ AqT .
Uiy = M*
Wig1p = —&1l
Wig13 = —eal .

Proof. For simplicity, we define

CO) = \u"(t) W't —ha) p"(t=ha) [l w"(s)ds [, n"(s)ds|

§(t) = [ (t) p"(t = ha) p" (£ = ha) " (t = ha) fu" (¢ — Do)
e S 1T (9)ds 35 [y, nT(s)ds p(t=h(t) (1—h(t))i" (= h(t))

T

AT() o fi e i (s)ds]T.
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We introduce the following LKEF:
V(t) =Vi+Va+Vs+Vy, (15)
where
= ¢ () PC(),
ft n W (8)Q1p(s)ds + ft ny 117 (8)Q2pu(s)ds
Vi = [ 17 (s)Svic" (s)ds + [, i (s)Sat (s)ds,
=h f ft o 117 (8)Ryfi(s)dsd6 + hy f ft+9“ s)Roju(s)dsdb.
Take derivative of V' (¢) for along the trajectory solution of system (12) yields
V(t) = Vi+ Vot Vs +Va. (16)
Where

= (T(6)PC(t) + ¢ (1) PC(t)
= ¢T()PC(t) + ¢ (1) PC(t)
= 20T (t)P¢(t)



pu(t)
pu(t = ha)
=21 p(t—ho)

i, p(s)ds
S, m(s)ds

Pll

T
P12
T
P13
T
P14

T
_P 15

P12
P22
Py
P,

T
P25

Pi3
Py3
Ps3
P3,

T
P35

T
P45

Pis

Py
Py
Pys

Pss |

14

1t — ha)
pu(t) — p(t = ha)
(0) =l — 1)

= 20" (t) Pryfu(t) + p® (8) Profu(t — ha) + " () Prafu(t — ho)
pu(t —hi)) +

+u" () Pra(pa(t) —

pt(t — M

+

+uT(t — hy

+u"(t — ho)Psy ( ()

+ft p, 11(3)dsP,

i 1

 Ji b
+ fi 1

1(

_'_ft h f1(s)ds Pys(pu(t) —
p1(s)ds Py u(t —
1

pT(t — hy) Poofi(t — hy)

plt = ha)) +

pult = h1)) +
—l—ft g 11(5)ds Payfu(t — hy)

( ) Prs(pu(t)

(

( )P

(= ) Pasfu(t — ho) + p"(t — ha) Poa(pu(t)
(t — h1) Pas(u(t) —

( )Py

( )

(t — hg) Pss(pu(t)

S)dSP34M(t—h2 + [y, 1(s)dsPaa(pa(t)

— u(t — ha))

— p(t = ha))

ph(t — ha) Plyp(t)
— ) + p"(t — ho) Pagfu(t — ho)

— u(t — ha))

— p(t = ha))

it = ha)) + [, pls)ds PG

— )+ [, #(s)ds P

s)ds P (pu(t) —p(t—hy) +ftth 11(8)ds Pss(pu(t) — pu(t—ha))]

= 20" (t) Pry(Ap(t) + Agpu(t — h(t)) +
+u" (t) Profu(t — hy) + p" () Prsfu(t — ha) + pu" (£) Pra(pu(t) — pu(t — 1))

+uT (t) Prs(pu(t)

(1-

fi(t — h2)

(1) Ch(t — h(1)))

— ult = ha)) + p" (t — ha) Ph(A

plt) + Aapa(t = (1))

+(1 = A(6))Chlt = h(t)) + p"(t = hy) Poofu(t — o)

(= ) Pasfu(t — ho) + p"(t — ha) Poa(pu(t)

17 (8 — D) Pas (a(t) — plt — ha)) + " (t — he) Pl (Ap(t)

— p(t = ha))

T Aqplt = h(0) + (1= h(£)Clalt — h(£))) + (¢ — ha) PRt — hy)

(= Do) Pagfu(t — ho) + p"(t — ha) Paa(pu(t) —

+uT (t — ho) Pas(pu(t) —
+Aap(t — h(t)) + (1 — h(t))Chu(t — it

p(t = ha))

ult — 1ha)) +Lhu ()ds P{y(Ap()

+ft ny H(s s)dsPLj(t — hy)
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b 1) PEACE — ) + [y ()5 Pa() — e — )

+ i, 1(s)dsPas(pu(t) — pu(t — ha)) +f,fh p(s)ds P (Apf(t)
+Aau(t = h(e) + (1= BOYC(E — h(O)) + [, 1(s)ds PR — )
+ [, m(s)dsPEAt — ho) + [, p(s)dsPE(u(t) — u(t — ha))

+ i, () ds Pss(u(t) — pu(t — o). (17)

From (15) , we have

Vo = [ (0)Quu(t) — " (t = h)Qupa(t — ha) + p” (1) Qapa(1)
—p"(t — ha)Qapa(t — ho)]
= [0 (0)(Q1 + Q2)u(t) — p" (t — ha)Qupu(t — ha)
— " (t=ha)Qapi(t—hy)]. (18)

From (15) , we obtain

Vs = [ () S1fa(t) — o7 (t — ha) Syfu(t — ha)
+i () Safu(t) — i (t — h1)Safi(t — ha)]
= [ (t)(S1 4 Sa)fu(t) — 1" (t = ha) Sy ja(t — hy) — i (t — ha) Safu(t — ha)]

= [(Ap(t) + Aa(t = h(1)) + (1 = h(£)Cja(t — h(1))(S1 + S2) (Ap(t)
+Aq(t = h(t) + (1= A(6)Cia(t — h(t))) = A" (t = ha)Suju(t — o)
— 1" (t=ha) Safi(t—hs))]. (19)

From (15) , we obtain

Vi=h f L) Rafu(t) — f(t+ 0)Rau(t — 0)do
+hy f_h2 (1 (8) Rofu(t) — ' (t + 0) Rofu(t + 60)d6
= (" (8 Rafu(t)) — a [2, i1 (¢ + 0) Ra ot + 0)d6
+h3 (4T (t) Rofu(t)) — ho f_hl (T (t + 0)Ryfu(t + 60)do
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= W{(Ap(t) + Aau(t = h(1)) + (1 = h(D)Chlt — h(t)))" Ri(Au(t)
+Aap(t = h(8)) + (1= h(®)Chlt = h(t)) = ha [, 17 (s) Rafils)ds
+h3(Ap(t) + Agp(t — h(1)) + (1 = h())Cialt — h(1))" Ra(An(t)
+Aap(t = () + (1= b)) Cirlt — h(t)) = ha [}, /" (s)Rofu(s)ds.

By adopting Lemma 4 , we have

hlft n f7(8) Ryju(s)ds
—h [y () = ult = 7o) TRy () = pu(t = o))
+W( (t —h1) + p(t) — t(t—hlft o 1(8)ds) " Ry (pu(t — )
1(t) = = S 1
——m[ﬁ( (t) - <t—hl>>TR1< (£) = (= ha)) + 2 (u(t — ha)
u(t) = & [, m(s)ds) Ry (ult — ho) + p(t) — 2 [, p(s)ds)]
= —(u(t) - <t—h1>>TRl< (t) =t = ha)) = (ut) + pu(t = Do)
Z [, 1(8)ds) 3Ry (u(t) +p(t =)= [, u(s)ds). (20)

Similarly , we have

—ha [, i (s) Raji(s)ds
< —ha iy (10(t) = pu(t = h2))" Ro(pu(t) — pu(t = h2)) + =525 (1t — ho)
(1)~ =i S, 1105)ds) T Ropa(t—ha) Fpu(t) — =2y Ji, 1(5)dls)
= —hz[ - (u(t) — (t — ha))T R2(u(t) — p(t — ha)) + - (u(t — ha)
2 J i 1)) Ro(p(t = o) + p(t) — 2 [, p(s)ds)]
= —(M( ) — u(t — h2))TRz( (t) — u(t — ha)) — (u(t) + p(t — he)
2 i, 1(8)ds) 3R () +pu(t—ho) =7 [i-,, p(s)ds. 1)



By using the following identity relation :

()= Ap(t)— Agpu(t—h(t)) = (1=h(t)) Cu(t—h(t)) = 0,
we have

(=" (t = h(t)) + 4" ()][-2WV]
[(8) = Ap(t) = Agu(t—=h(t)) = (1=h(t)) Cu(t—h(t))] = 0,

where W is a positive definite matrix.

By using the following identity relation

o [y A(8)ds = a(ult) = u(t = h(1)))
= ap(t)—ap(t=h(t)).

From (24) we get

0 [}y f(8)ds — a(t) + apu(t — h(t)) = 0,

and we have

[—pu(t=h(O)[=2T)la [, is(s)ds—ap(t)+ap(t—h(t))].

Where 7' is a positive definite matrix and « is a positive real number.

17

(22)

(23)

(24)

(25)
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By using the following identity relation.

(L= A(E)AT(t = h(D)2N (L — Alt)a(t — h(t))

—(L = h(@) " (t = h(t))2N (1 — h(t))iu(t — h(t)) = 0, (26)
where N > 0.

From Proposition 2.2 and h(t) < D , we obtain

2(1=D)(u" (t = h(t))N(u(t —h(t)) < er(1—=D)*p" ((t —h(t))u(t —h(t)))
+er 'NTUT (t=h(t)) N (u(t—h(t))), 27)

where ¢, > 0.

Similarly , we have

O‘ftt—h(t) 1T (s)2Ma ftt_h(t) f1(s)ds
-« ftt_h(t) (F(s)ds2M o ftt_h(t) f(s)ds =0, (28)

where M > 0.

From Proposition 2.2, we obtain

20( [i iy AT ()dsM [, o i (s)ds) < a0 [ iT(s)ds [, fn(s)ds
+e M [ i (s)dsM [, fi(s)ds. (29)
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Combining system (12) with (15)-(29) , we arrive at
V(t) < €M)t (t), (30)

where

€(t) = [T (t) p"(t — ha) p(t— ha) (T (t — hy) i (t — ho)
[ uT(s)ds & [, T (s)ds pT (= h(t)) (1—h(t)AT(t—h(t))
() o fi g i (s)ds)T,

Uy Wi Wi Wiy Wi Wie Wiz Wis Wig Wago 0
k  Woy Wy Woy Wos Wos Wor Wog Wy 0 0
* * W33 W3y W3y W3 W3r Wiz W39 0 0
* * x Wy 0 WYy O 0 0 0 0
* * * x*  Wss W O 0 0 0 0
w=1| % % x x x Wgg 0 Wes Uge O 0o [<0,
* * * * * x  Wor Wrg Wrpg 0 0
* * * * * * x  Wggs Wgg Wgig Wgiy
* * * * * * * x*  Wgg Wy 0
* * * * * * * * * Wi010 0
* * * * * * * * * * U111

‘1’11:P11A+ATP11+P14+P12+P15+P1T5+Q1+Q2+AT5M1
+ATS, A+ ATh2RiA — AR, + ATh2R,A — 4R, ;

Wiy = —Piy + PioA + Poy + Pos — 2Ry ;

Ui3 = —Pis + PgA+ Py + Pys — 2Ry ;

Uiy =P
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Uis = P35

Ui = hy PiuA + hy Py + hi Pis + 6R;

W17 = hyPys A+ hyPL + hyPss + 6R,

Vg = Ay P+ Ay 1A+ Ay SeA+ Ay BRIA+ Ay B2R.A — WA
+Ta

U9 =CTPy +CTS A+ CTSHA+ CTh2Ry A+ CTh2R,A — WA ;

Uppg=WA;

‘1122=—P24—P2T4—Q1—4R1 5

Wos = —Pos — Psg 5

Woy = P 5

Wos = Pas 3

Wos = —h1 Py + 6Ry ;

‘D27=h2P2T5—h2P4T5 >

Wog = AdTplTQ 5

Wy = CTPL ;

W33 = —Pg5 — Py — Qy — 4Ry ;

Wiy = PQT;; 5
Was = Ps3 5
W = —h1 Pys 5

W37=th£—h2P55+6R2 ;
T

Uy = Ay PL s

‘1’39=C§TP1F‘§;

Uy =-51;
Wys = h Py
Uss = =S5 5
W56 = hi Py
Ve = —12R; ;

T
Ues = Aq PL ;
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g9 = hCTPL, ;

Uy = —12R, ;

Ui = h2AdTP£ ;

Urg = hoCTPL

Uy = AT Ay + ATSy Ay + Ay 2Ry Ay + Ay h2RyAy — WA, — Af' W
—2Tx ;

Ugg = CTS1Ag+ CTSyAg+ CTh2R Ay + CTh2R, Ay — CTW — WA, ;

Ugio= WA+ W ;

I A

gy = CTS,C + CTS,C + CTh2R,C + CThiR,C — W
—CTW — 2N 4 &1(1 — D)2l + &7'NTN ;

oo =WCE+W ;

Vig1o = —2W

Ui = —2M + e902T + e, ' MTM .

From (29) and Proposition 2.1 , it is easy to see that V(t) < 0. From Lemma 3, we

conclude that system (12) and hence , system (1) are asymptotically stable.



CHAPTER 3

NUMERICAL EXAMPLES

In this section, three numerical examples are given to illustrate the validity

and superiority of the proposed scheme.

Example 1. Consider the following singular time-varying system with

0 -09 -1 -1 0 0

10 1 0
M = and N = ,
0 1 -1 -1
such that
10 -2 0 -1 0
MEN = , MAN = , MA;N =
0 1 0.9 09 0 1

According to Theorem 1, let

R 0.1 0 . -2 0 . -1 0 10
C= ) A= ) Ad = ) I= )
0 -0.1 0.9 0.9 0 1 0 1

We assume that with satisfy

h(t) = sin®(t)

and 0 S hl S h(t) S hg.
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By taking parameters D = 0.5,n = 0.9,m = 0.5 and a = 0.2 , we get

Example 1. remains feasible for any delay time h; = 0 and he = 1 . Theorem 1.

yields the following set of feasible solutions :

0 3.9601 x 10> —0.0000 x 103
1 pr—
—0.0000 x 10> 3.9601 x 103
416.7206 1.2125
R1 == )
1.2125 405.3354
0.0040 0.0001
Sl = )
0.0001 0.0050
0.0024 0.0000
W = ,
0.0000 0.0140
0.5105 —0.0007
M = ,
—0.0007 0.5176
1.7268 0.0016
Pll = )
0.0016 1.3562
—1.0055 0.0033
P13 = 5
—0.0204 —0.9085
—0.0244 x 10> —0.4054 x 103
P =
—0.5297 x 10> —0.0135 x 103
—1.3690 —0.0544
P23 = 9
—0.0305 —1.7511
—3.2653 x 10> —0.0358 x 103
Pas =
—0.0361 x 103> —3.4496 x 103

S2

P12_

Py =

P24:

P33:

19.2506  1.4550

b

1.4550 12.2446

0.0033  —0.0002

—0.0002  0.0061

0.0041 0.0001
0.0001 0.0051

1.1390 0.0014

0.0014 1.1369

0.1003  —0.0005
—0.0005  0.1024
—-0.6723 —0.0077
0.0171  —0.4829
—4.1883 x 10° —0.0235 x 10°
0.0268 x 10>  —4.4274 x 103

2.0373 0.0368

2

0.0368 2.2302

331.7989 —10.1762

2

49.3883  378.7585

2.3817 0.0520

B

0.0520 2.6648

b



—113.7437
Py =

—28.4193

3.9601 x 103
Py =

0

3.2653 x 10?
Pys =

0.0359 x 103

—19.1402
80.2111

0
3.9601 x 10?

0.0359 x 10?

3.4496 x 103

3.2653 x 103
0.0361 x 10?

—3.2653 x 103
—0.0360 x 10°

24

0.0358 x 103

)

3.4495 x 103

—0.0359 x 103
—3.4496 x 10°

From Theorem 1 , we conclude that system (1) is asymptotically stable.

Example 2. Consider the system (1) with the following parameters :

A -02 0 . —0.1
A = s d =

0 1 0
. 0.1 0 10
C = N I —=

0 -0.1 01

0
0.1

By taking parameters D = 0.5,n = 0.9,m = 0.5 and a = 0.2 , we get

Example 2. remains feasible for any delay time h; = 0 and hy = 1 . Theorem 1.

yields the following set of feasible solutions :

54.6121
Q1=
0 o4.
5.7487 0
R =
0 5.74
0.3456 0

0

6121

Y

23

Y

0 0.3655

Q2

Ry

S2

14.7851 0

0 17.31
0.4765 0

0 0.4554
0.3524 0

0 0.3739

96

b

b



0.0058 0
W = ,
0 0.0095
0.5138 0
M = ,
0 0.5169
2.2300 0
Pll - )
0 1.3229
—0.9577 0
P13 =
0 —1.6762
—0.0502 0
P =
0 —0.1172
—1.5363 0
Pa3 =
0 —0.9575
—41.5093 0
Pys =
0 —43.3520
0.6773 0
P34 = )
0 22.8484
54.6121 0
P44 - )
0 54.6121
39.9496 0
P55 = .
0 42.0913

P22:

P35:

1.1109

0

’

0 1.1299

0.0991
0 0.

—0.8572
0

—59.9172
0

0 3

34.9494
0

—41.8184
0

1551

0

0995

0

—1.5350

0
—82.1298

’

0
37.1122

0
—42.8570

From Theorem 1 , we conclude that system (1) is asymptotically stable.

b

b

25
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Example 3. Consider the system (1) with the following parameters :

o |-45 0 . |-10

A: 3 Ad: s
0 6 0 2

. 0.1 0 10

C: ) I: )
0 —0.1 01

By taking parameters D = 0.5,n = 0.9,m = 0.5 and a = 0.2 , we get
Example 3. remains feasible for any delay time h; = 0 and hy = 1 . Theorem 1.

yields the following set of feasible solutions :

15.5362 0 2.2288 0
Ql = ) Q2 = ’
0 15.5362 0 1.5451
1.6352 0 0.0040 0
Rl - ; RZ = )
0 1.6353 0 0.0010
0.0045 0 0.0047 0
Sl = ) 52 - ’
0 0.0012 0 0.0012
0.0018 0 1.1026 0
W = s N - >
0 0.0068 0 1.1006
0.5148 0 0.1019 0
M — 9 T - ’
0 0.5174 0 0.1004
0.1802 0 —0.0370 0
Py = ) Py = ’
0 0.0579 0 —0.0467
—0.0486 0 —15.0881 0
P13 = 9 P14 = )
0 —0.0573 0 —21.7708
—0.7682 x 103 0 0.1443 0
P15 = ) P22 = »
0 0.3741 x 103 0 0.0815




—0.1136 0 0.8564 0
P23 - 9 P24 - )
0 —0.0366 0 1.6070
—11.7344 0 0.1785 0
P25 = ) P33 = )
0 —12.9741 0 0.0994
—2.2540 0 11.6815 0
P34 = ) P35 = P
0 4.1814 0 12.9609
15.5362 0 —11.7400 0
P44 = ) P45 -
0 15.5362 0 —12.9757
11.7258 0
P55 = .
0 12.9713

From Theorem 1 , we conclude that system (1) is asymptotically stable.

9
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CHAPTER 4
CONCLUSION

We obtained a new criteria for asymptotical stability for system (1) as follow :

Theorem 1. Under Assumption 1, system (12) and thus system (1) are
asymptotically stable, if there exist 5n X 5n positive-definite matrix P and n X n
positive-definite matrices 01, ()2, Ry, Ro, S1, 52, W, T, N and M such that the follow-
ing LMI holds:

Uin Wi Wiz Wiy Wiz Wie Uir Uis Ui Vi 0 0 0
x Woy Woz Woy Wos Wag Wor Wog Wog 0 0 0 0
* x  Wgz Wsy W35 Wy Wiy Wig Wag 0 0 0 0
* * * Wy 0 Wye 0 0 0 0 0 0 0
* * * * WUss Wse 0 0 0 0 0 0 0
* * * * * e 0 Wes Weo 0 0 0 0
w = * * * * * * Urr Wrg Wog 0 0 0 0 <0, (14)
* * * * * * * Wgs Wgg Wgi9 Vs 0 0
* * * * * * * * Ug9 Yoo 0 Woio 0
* * * * * * * * * Y1010 0 0 0
* * * * * * * * * * \ZEEE! 0 Wiq13
* * * * * * * * * * * Wio10 0
* * * * * * * * * * * * Wi313
where

qjll:Pllle"’ATPll‘|’P14‘|’P12+P15+P17;3+Q1+Q2+AT51A
+ATS, A+ ATh2RiA — AR, + ATh2R,A — 4R, ;

Uiy = —Piy + PioA + Poy + Pos — 2Ry ;

W3 = —Pis + PigA+ Py + Pys — 2Ry

Uiy =P

Vs = Pi3 ;



29

W16 = hi PuA + hi Pyy + hy Pis + 6By ;

Uy7 = hoPisA + hoPE + hoPss + 6Ry

Ui = Ad P+ Ad SiA+ A SyA+ A BRyA+ A W3R,A - WA
+Ta

Uiy =CTPy +CTS A+ CTSA+ CTh2RI A+ CTh3R,A — WA

Wy = WA ;

Wy = —Poy — Py — Q1 — 4Ry ;

Wog = —FPas — Ps4 ;

Woy = Pao ;

Wos = Pas 3

Wog = —h1 Py + 6Ry ;

Uyy = ho Pl — hoPL

Wos = AdTplTQ ;

oy = CTPL ;

Wys = —Ps5 — Py — Q2 — 4Ry ;

Uy = PL
Vs = Pa3 ;
Vs = —h1 Pys ;

\1137:h2P§—)—h2P55+6R2 )
~ T

Wss = Ag Py ;

\IfggzéTPEr;;

Uy =513
Wy = h1P2T4 ;
W55 = =52 3
W6 = hlpgj;; ;
Wee = —12R; ;

~ T
Ve = h1 Ay Pﬂ 5
\1169 = hléTpﬂ 5
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V7 = —12R; 5

Uog = thdTpng, ;

Wrg = hoCTPEL ;

Ugs = ATS\ Ay + ATSy Ay + Ay 2R\ Ay + Ay h23RyAg — WA, — A;' W
—2Ta

Wgg = CTS1Ag+ CTSy A  + CTh2R1Ag+ CTh2Ry Ay — CTW — W A ;

Ugo= WA+ W ;

Ve = -1 ;

gy = CT8,C + CT8,C + CTh2R,C + CThER,C — W
—CTW — 2N 4 &,(1 — D)1 ;

Vo= WC+W ;

Wgip = NT 5

Vig10 = —2W

Uy = —2M + &90°T

_ AT .
Uig = M*
Wig1p = —e1l
Wig13 = —eol .

The stability problem for a class of singular time-varying delay systems has
been investigated. Firstly, the singular system is represented as a neutral system. Then
an augmented LKF and the Wirtinger-based integral inequality method are used to
derive a new delay-dependent stability criterion in terms of LMIs. Three numerical
examples are given to illustrate the reduced conservatism of the proposed method.
Note that our method is proposed for dealing with time-varying delay. In the sense
of finite-time stability (FTS), the proposed neutral system approach is not applicable
and this has to be opened problem future works. For we expected that our present

method is useful and may be effective method for FTS of singular systems.
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Abstract

This independent study is concerned with the problem of delay-dependent stability
for a class of singular time-varying delay system. By representing the singular system as
a neutral form, using an augmented Lyapunov-Krasovskii functional and the Wirtinger-
based inequality method, we obtain a new stability criterion in terms of a linear matrix
inequality (LMI). The criterion is applicable for the stability test of both singular time-
varying delay systems and neutral systems with time-varying delays.

1 Introduction

Singular systems (also referred to as descriptor, generalized, differential-algebraic or
semi-state systems) arise in a variety of physical systems such as economic systems, power
systems and many other systems which can be modeled by dynamic equations and algebraic
constraints [4],[6],[16].

It is well known that time-varying delay appears in many dynamic systems such as
digital control systems, long transmission lines in pneumatic systems, manufacturing processes
and remote control systems, which may cause poor performance and even instability [1],[3],[10-
11],[14].

Recently, increasing attention has been paid to the study of singular time-varying delay
systems due to the fact that such types of systems can better describe systems than normal ones
and have extensive applications in various engineering systems, including flexible arm control
of robots, large-scale electric network control and lossless transmission lines [7],[9],[17],][20],[23-
27],]29].
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Recent study of stability analysis for singular time-varying delay systems mainly fo-
cuses on delay-dependent criteria which are usually less conservative than delay-independent
ones, see [9],[17],[20],[23],[25-27],[29] and the references therein, among which one main index of
measuring the conservativeness is the maximum allowable upper bound on the time-varying de-
lay. It is well known that the Lyapunov theory has been recognized as a powerful methodology
for the stability analysis [13], and there are two key points to reduce the inherent conservative-
ness : the construction of appropriate Lyapunov-Krasovskii functional (LKF) and the way to
estimate its derivative. The simple LKF is employed in [7],[23-25] to investigate the stability
of the singular time-varying delay systems, and rich results have been reported. Several at-
tempts towards the construction of the LKFs have been done such as adopting parameterized
LKF [17], augmenting serval terms in LKF [20],[27], introducing the triple integral term [20],
and using the delay-decomposition method [9]. Moreover the delay-decomposition method has
been proved to be effective in reduction of the conservativeness, but it yields heavier computa-
tional burden with the number of delay-partitioning increasing. As for the way to bound some
cross terms arisen when estimating the derivative of the LKF, there are some different meth-
ods, among which the free weighting matrix approach [27],[29] and Jensen’s inequality method
[20],]23],[26-27],]29] are the most popular methods. Recently a new Wirtinger-based integral
inequality was introduced in [2] and it is shown effectively to reduce the conservativeness for
testing stability of normal time-varying delay systems since it encompasses Jensen’s inequality
as the special case. At present, there are no obvious ways to obtain less conservative results
and the singular time-varying delay systems still need more investigation. This motivates the
study in this work.

In this independent study, the problem of stability analysis for a class of singular
systems with time-varying delay is investigated. We aim at establishing a delay-dependent
stability criterion in terms of LMIs which can produce allowable delay bounds as large as
possible and the number of decision variables as few as possible. Firstly, the considered system
is represented as a neutral system under a moderate assumption. Then a delay-dependent
stability criterion is proposed by using Lyapunov method. The main idea is the transformation
of singular time-varying delay systems into neutral systems and thus new delay-dependent
stability test is derived by using appropriate LKF and the Wirtinger-based integral inequality,
which forms the main contribution of our work. The present result can be used in testing
stability of both singular time-varying delay system and neutral systems. Numerical examples
show in Section 3. Section 4 give the conclusion of independent study.

Notation: In this paper, R™ denotes the n-dimensional real Euclidean space; R™™™ is
the set of n x m real matrices; the superscript ‘I denotes the matrix transportation, for any
square matrix A € R™™ we define He{A} = A+ AT; || . || refers to the Euclidean norm of the
vector and diag{...} denotes the block diagonal matrix; P > 0 (P > 0) means that P is a real,
symmetric and positive definite (positive semi-definite) matrix; the symbol ‘x’ represents the
symmetric elements in asymmetric matrix; [, and 0,, are, respectively, the n x n dimensional
identity matrix and the n x n dimensional zero matrix. Whereas no confusion is caused, we also
use I and 0 to denote, respectively, the identity matrix and the zero matrix with compatible
dimensions.
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2 Problem formulation and preliminaries

Consider the following linear singular time-varying delay system:

Bi(t) = Az(t) + Aga(t — h(t)),
x(t) = o(t),t € [=h, 0], (1)

where z(t) € R" is the state variable. h(t) is a time-varying delay which satisfies 0 < hy <
h(t) < hy, and h(t) < D. E, A, Ay € R™™ are knows real constant matrices where E may be
a singular matrix, so and we assume that rank(E) = r < n. ¢(t) is a continuously real-valued
initial function.

We now tranform system (1) into a neutral system under certain constraint. To proceed,
the following Definitions and Lemmas are needed.

Definition 1 (Dai [1]). The pair (£, A) is said to be regular if det(sE — A) is not identically
zero. The pair (E, A) is said to be impulse free if deg(det(A\E — A)) = rank(E).

Lemma 1 (Xu et al. [24]). If the pair (F, A) is regular and impulse free, then the solution
to the singular time-varying delay system (1) exists and is impulse free and unique on [0, 00).

From Lemma 1, the following definition is naturally introduced.

Definition 2 (Xu et al. [24]). The singular time-varying delay system (1) is said to be
regular and impulse free, if the pair (F, A) is regular and impulse free.

Lemma 2 (Dai [1]). If the pair (E, A) is regular and impulse free, then there exists two
invertible matrices M € R™" and N € R"" such that

I, 0

MEN = [ -

[ 2

According to Lemma 2, if the pair (F, A) is regular and impulse free, invertible matrices
M, N € R"™" can always be found such that

I, 0

- -y (3)

MEN = [

oo e[t )

0 Infw
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Let

MAN = A= 4 4] e =i = 1), @
The following system :
Bilt) = Aut) + Aupt — h(t)), @
which can be written as follows :
fir) = Auplt) + Aapua(t — h(D)) + Appialt — (D), Q
0= 1a(t) + Awsis(t — b)) + Aaupa(t — h(1)). @

Inspired by [9] and [13] , we rewrite the second equation. By differentiating (7) , we obtain

%[Mz(t) + Agzpn (t — h(t)) + Aaapa(t — h(2))] = 0. (8)

By combining (7) and (8) , we have

pia(t) = - pa(t) - Agsfun(t — (1)) (L — h(t)) - Aaapia(t — h(t))(1 — (1))
- Aaspir (8 =N(t)) - Agapia(t = h(1)). (9)

From (6) and (9) , we can have

[Ml(t)] _ [Alul(t) + Aqrpa (t = h(t)) + Agapa(t — h(t))]
fi2(t) —p2(t) — Aazp (t — h(t)) — Aaapa(t — h(1))

+ [1—h(t)] [—Sldg _Sld4 [Z;EE:ZE%] (10)
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Let

A Ay 0 . An  Ap A 0 0

Then the system (10) is of the form of a neutral system |,

A(t) = Au(t) + Agu(t = h(8)) + (1= h(1)) Cia(t = h(1)) ,
p(t) = o(t) , te[=hy, 0] (12)

Definition 3 The equilibrium point = 0 of system (12) is said to be asymptotically stable
(A.S.) if it is stable and ¢ can be chosen such that

|| z(0) [|[< 0 = tlim xz(t) =0

Lemma 3 Let z = 0 be an equilibrium point for system (12) and D C R"™ be a domain
containing x = 0.

1. If there exists a Lyapunov function V' then the equilibrium point z = 0 of system (12) is
stable.

2. If there exists a Lyapunov function V and V(z) < 0 in D — {0} the equilibrium point
x = 0 of system (12) is asymptotically stable.

In this work, we will provide an alternative way to study the stability of singular time-
varying delay system (1) via the neutral system (12). Although the dynamic responses for
system (1) and (12) may be different, it is easy to see that the stability property for both
systems remains the same. That is, the asymptotically stability of system (12) will guarantee
the asymptotic stability of system (1), and vice versa. With respect to the stability analysis of
system (12), it is always assumed that the spectral radius of C'(1 — D) is less than 1. So the
following assumption is made before our main result.

Assurr}ption 1 Assume that the pair (E, A) is regular and impulse free and all the eigen-
values of C'(1 — D) are inside the unit circle.
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Lemma 4 (Seuret and Gouaisbaut [2]). For any constant matrix R € R™", R = RT > 0,
the following inequality holds for all continuously differentiable function x in [a,b] — R™ :

1
“b—a

(z(b) — x(a))" R(z(b) — x(a)) + %QTRQ, (13)

where Q = z(a) + z(b) — (%) fbx(s)ds.

a

Proposition 2.1 (Schur complement lemma [8]). Given constant matrices X, Y, Z with
appropriate dimensions satisfying X = X7, Y = Y7 > 0. Then X + Z7Y~"'Z < 0 if and only
if

X zT -Y 7
7 _y <0 or g7y < 0.

Proposition 2.2 (Cauchy’s inequality [5]). Let F and H be any constant matrices. For
any € > 0, we have

2FH < ¢eEFT + ¢ 'HTH.

3 Main results

In this section, we present our main result which is for both the singular time-varying delay
system (1) and the neutral system (12).

Theorem 1. Under Assumption 1, system (12) and thus system (1) are asymptotically
stable, if there exist 5n x 5n positive-definite matrix P and n X n positive-definite matrices
Q1,Q2, R, Ry, S1, 52, W, T, N and M such that the following LMI holds:



Ui Ui Wy Uiy Uy Uy Wir Uis U9 Wigpo 0 0 0
x  Wop Woz Woy Wos Wos Wor Wag Wog 0 0 0 0
* x  Waz Wag Wss Wi Wiz Wig Wag 0 0 0
* * * 7 0 T 0 0 0 0 0 0 0
* * * * Uss  Use 0 0 0 0 0 0 0
* * * * * Wee 0 Wes Wgg 0 0 0 0
w=| * * * * x WU Urs Uzg 0 0 0 0 |<0
* * * * * * x  Wgg Wgg g9 WPsig 0 0
* * * * * * * x  Wog Woio 0 Yoz 0
* * * * * * * * * Wig10 0 0 0
* * * * * * * * * * Ui 0 Vi3
* * * * * * * * * * * Wi212 0
| * * * * * * * * * * * * Wi313 ]
Where

Vi :PnA—I—ATPn+P14+P17;1+P15+P1T5+Q1 +Qy+ ATS A
+ATSyA + ATh2R\A — ARy + ATh3R,A — 4R, ;

Wiy = —Piy + PigA + Py + P — 2R, ;

Ui3 = —Pis + PisA+ Py + Pys — 2Ry ;

Uy = Ppo ;

Vs = Pr3 ;

Ui = hiPiyA + by Py + hi Ps + 6R; ;

Uiy = h2P15A + h2P4T5 + hoPss + 6R; ;

Wi = Ay Piy+ Ay S1A+ Ay SoA+ Ay B2RiA + Ag h2R.A — WA
+Ta ;

U9 =CTPy +CTS A+ CTSA+ CTh2R A+ CThER,A — WA ;

W0 =WA;

Woy = —Pay — Py — Q1 — 4Ry ;

Wos = —Po5 — Py 5

Wy = Pao ;

Wos = Pag ;
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Wos = —h1 Py + 6Ry ;

Uyoy = ho PE — hy PE ;

Wog = AdTP1T2 ;

Wy = CTPE ;
‘D33:—P35—P3T5—Q2—4R2 )

lIj34:P2’I;’)7
Vs = P33 ;
Vs = —h1 Pys ;

W37Zh2P£—h2P55+6R2§
AT

Uss = Ay Pl

\D39:éTP£;

Wy =—51;
Wy = h1P2T4 3
W55 = =53 ;
W6 = h1P37;1 3
Ve = —12R; ;

Veg = h1AdTP1Tzl ;

Weg = hléTP1T4 ;

U7 = —12R, ;

Uog = thdTP1T5 5

W79 = hyCTPL

Ues = ATS Ay + AT Sy Ag + Ay h2R Ag+ Ay W3Ry Ay — WA. — Ay W
2T« ;

Wgg = CTS Ay + CT Sy Ay + CTh2Ry Ay + CThiRyAqg — CTW — W Ay ;

Ugig = WAd + W

Ve = =T ;

Wgg = CT8,C + CTS,C + CTh2R,C + CThiR,C — WC
—CTW — 2N + (1 — D)’I ;

g0 =WC+ W ;

Wg1o = NT )

Uyig10 = —2W
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U111 = —2M + e90°1

_ AT .
Vi = M*
Vigie = —&11 ;
Wig13 = —¢eal .

Proof. For simplicity, we define

T

C0) = [ () Wt =h) wTe—ha) [l 6T s)ds [, nT()ds]
£(t)=[uT(t)M (t—h) Tt = ha) @t =) 7 (E = Do)
ft py 1 (s)ds iz ft ny W (8)ds pT(t = R(t)) (1= h(t)iT(t = h(t))
/l aﬁg h(t):u ( )ds]
We introduce the following LKF:
V(t)=Vi+Vo+Vs+Vy,

where

= C(OPC()
‘/;g h1 :uT Ql:u dS—f—j; h2 )QZ/L( )
ﬁh:u SLLL d8—|—j;h/1 >S2M<>
V4 = hlf ft o 117 (s)Ryfu(s)dsdf + hgf ftwu s)Rafu(s)dsdf .

Differentiating (15) with respect to t, we have

Vi =2¢"(1)P{(1)

pty 1" i(t)
pu(t — ha) it — hy)
=2 | wt—h) | P| (t—hy)
S m(s)ds| | pt) = pu(t = o)
iy, 1i(s)ds pu(t) — p(t — ho)

200 (8) Pra(Ap(t) + Aapu(t — h(t)) + (1 — h(t))Chlt — h(t)))
+u () Profi(t — hy) + p" () Pusfu(t — ha) + p" (t) Pra(u(t) — p(t — ha))
T () Prs(p(t) — put — o)) + p7 (¢ — ha) PL(Ap(t) + Agu(t — h(t))
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+(1 = h(B)Chalt = h(t))) + 1T (¢ = ha) Posju(t — hn)

T (t = ha) Posfu(t — ho) + " (£ = ha) Poa(pu(t) — pu(t — 1))

T (8 = ha) Pas (u(t) — pu(t — ha)) + p" (t — ha) Pl(Ap(t)

+Aap(t — h(t)) + (1 = h())Cu(t — h(t))) + ' (t = ha) Pifu(t — )
T (t = ho) Paafu(t — ha) + p7 (¢ — ho) Paa(pu(t) — p(t — )

(= o) Pas(p(t) — p(t — ha)) + ft n, () ds PL (Au(t)

+Aap(t = h(t)) + (1= h(£))Cpa(t — h(1)) + [, 1(s)dsPL(t — ha)
+ [, () dsPLA(t — o) + [, d5P44( (t) — p(t — ha))

+ i, 1(5)dsPas(p(t) — pu(t — o)) + [, p(s)dsPE(An(t)

+Agu(t — h(t)) + (1 — h(t))Chult — h(t) +J;hﬂsdg%ua—hﬁ
+ [ ny H(8)ds P fu(t — hy) + [ ny H(8)ds P (pu(t) — pu(t — hy))
+j;€fh2 p1(s)ds Pss (pu(t) — pu(t — ha))].

Va = [ (£)(Q1 + Q2)pu(t) — pF (t = ha)Quua(t — ha)
— " (t—ha)Qap(t—hs)].

Vs = [(Ap(t) + Aa(t = h(t)) + (1 = (1)) Cla(t — h(t)))(S1 + S) (Au(?)
+Aa(t = () + (1= () Cialt = h(t))) — (" (t = ha)Saj(t — ha)
— (T (t=h2) Safu(t—hs))].

Vi = h3(Au(t) + Aau(t — h(t)) + (1 — h(t))Cla(t — h(t )))TRl(AM(f)
Aaplt = B(E) + (1= )Gt — () = ha J{ . (7 () Rafi(s)ds
+h3(Au(t) + Agu(t — h(t) + (1 — h(£)Cla(t — h(t)))T Ra(Ap(t)
+Agu(t — h(t) + (1= h(£)Chlt — h(t)) — ha [}, 17 (s) Raju(s)ds.

By adopting Lemma 4 |, we have

—hy fj o 117 (5) Rafiu(s)ds
—ha =gy () = p(t = b)) Ra(ua(t) — p(t — ha))



=ENIC —h1>+u<>—t iy S, 1(5)ds) T R (pa(t — )
+1u(t) = = S, 1(5)ds)]
= —hl[hﬂ( () = pu(t = ha))" Ra(palt) — (p(t — b)) + - (n (t—hl)
p(t) = & [ w(s)ds) T Ra(u(t — hn) + p(t) — 2 [, p(s
- —(u(t) plt = hl)) Ry(u(t) — u(t— h1)> (uu(t )+u(t—h1)
Z [, u(s)ds) 3Ry (p(t) + p(t — ) — 2 [, pu(s)ds)

Similarly , we have

—hs [y 17 (5) Rofi(s)ds
< ol (1() = it = ho))T Ro(u(t) — pult — ha)) + ﬁ( (t = ho)
+1u(t) = 7 oy 1(5)ds)T Ra(p(t = ho) + i(t) — =2y Sy, 14(8)s)]
——hz[ - (u(t) = p(t — ha))TR2(u(t) — pult — o)) + 52 (p (t—hz)
ft ny 1(5)ds)T Ry (p(t — ha) + pu(t) ft g 1S

= —(u(t) (t - hz))TRz(u( ) = it = ha)) = (u(t) + u(t - hg)
L h2 dS T3R1< <t>+ﬂ t hg ft h2

By using the following identity relation

t) = An(t) = Aau(t = h(D)) = (1 = h(B)Cult — h(1)) = 0,

we have

[~ (t = () + i ()|~ 2WV (1) — Ap(t) — Aapa(t—h(0)) — (1= h(e) Cplt — (1))
where W is a positive definite matrix.

By using the following identity relation

o [y f(s)ds = alu(t) — u(t = h(t)))
= ap(t) — ap(t — h(t)).

From we get
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aft ney PUs)ds — ap(t) + ap(t — h(t)) = 0.

and we have

[—ult=h(O)[=2T1[a [, (s)ds—ap(t)+ap(t—h(D))].

Where T is a positive definite matrix and « is a positive real number.

By using the following identity relation.

(1= h(t)) AT (t = h(t))
T t

2N
—(1=h(®))i" (t—h(t))2

(1-—
N(1-
where N > 0.

From Proposition 2.2 and A(t) < D | we obtain

2(1 = D)(p"(t = h(t)))N (u(t = k(1)) < (1 — D)2u" ((t — h(t))u(t — h(1)))
+er NTpt (E=h(t)) N (u(t—h(1))).

where £, > 0.

Similarly , we have

o [ gy 7 (5)2Ma [ ii(s)ds
t . ; .
—« ft_h(t) (r(s)ds2M o ft_h(t) f1(s)ds = 0.

where M > 0.

From Proposition 2.2, we obtain

. . t . .

QQ(Lih(t) (F(s)dsM Lih(t) (F(s)ds) < g ftfh(t) (F(s)ds ﬁih(t) f(s)ds
— . t .

teytMT ftt_h(t) fF(s)dsM ft_h(t) fi(s)ds.

Combining system (12) with (15)-(29) , we arrive at
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Uy Uyp Wig Wiy Wis Wi Wir Wig Y9 VY0 O

* Wog Woz Woy Wos Wog Wor Wog Wo9 0 0

* kW33 Wgy W35 Wsg W3y Wsg W39 0O 0

* * x WUy 0 Yy O 0 0 0 0

* * * *  Wgs Wgs O 0 0 0 0

w = * * * * x  Wgs 0 Wgg Weo 0 0
* * * * * * Wor Wrg Wrpg 0 0

* * * * * * x  Wgg Wgg Wgip WYsi1
* * * * * * * * \1199 ‘1’910 0

* * * * * * * * *  Wqyo10 0

* * * * s * * * * * Y1111

Uy :Pllle"‘ATPll+P14+P17:1+P15+P1T5+Q1+Q2+ATSIA
+ATS)A + ATh2R\A — 4Ry + ATh2R,A — 4R, ;

U1y = —Piy+ PisA+ Poy + Py — 2Ry

Uy3 = —Pis + PisA+ Py + Pys — 2Ry

Wiy = Pro;

Vis = Pi3 ;

Wi = hiPiaA + hi Py + hi Pis + 6R; ;

Uiy = ]121315121 + ho Pl + hoPs5 + 6Rs ;

Ui = Ay P+ Ay S1A+ Ay SoA + Ay B2RA + Ay 2R, A — WA
+Ta

Wyg=CTPy +CTS A+ CTS A+ CTh2R1A + CTh3R,A — WA

Wi = WA )

‘Pzzz—Pzzx—PgTz;—Ql—‘lRl )
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Wos = —h1 Py +6Rs ;

\1127:h2P27;—h2P47;;
T

Uos = Ay Pl

Wyy = CTPL ;
‘I’33=—P35—P3T5_Q2—4R2;
‘1134:P2T3§

W35 = Ps3 ;

W36 = —h1Pys ;

\Ij37:h2P3€—h2P55+632;
T

Uss = Ay Py

‘ng:éTPfg;

Wy =—51;
Ve = hlpzj; 5
Wss = —Ss ;
W56 = hlpyﬁ 3
Ves = —12R; ;

Ve = hlAdTP1T4 ;

gy = hCTPL

V7 = —12R; ;

Uog = thdTPfg ;

Wrg = hyCTPL

Ugs = ATS Ay + ATSy Ay + Ay 2R Ay + Ay h3RyAg — WA, — Ay W
—2T«

Wgg = CTS Ay + CTSyAg + CTh2R  Aq + CTh2R, Ay — CTW — W Ay

Ug10 = WA, +W ;

Ve = =T ;

Wgg = CT8,C + CTS,C + CThAR,C + CThiR,C — WC
—CTW — 2N + (1 — D)?I +7'NTN ;
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\11910 = WC’ + W y
Wig10 = —2W ;
\111111 = —2M + 820421 + E;lMTM .

From (29) and Proposition 2.1 , it is easy to see that V() < 0. From Lemma 3, we conclude
that system (12) and hence , system (1) are asymptotically stable.

4 Numerical Examples

In this section, three numerical examples are given to illustrate the validity and superiority
of the proposed scheme.

Example 1. Consider the following singular time-varying system with

-2 0 -1 0 10
A_{o —0.9}”4“{—1 —1}’]5_{0 0}

Obviously, the pair (E, A) is regular and impulse free. Let

R e

01 -1 -1
such that
1 0 -2 0 -1 0
MEN = [0 1]’ MAN = {0.9 0.9] , MAN = {o 1]'

According to Theorem 1, let

A 01 O A -2 0 . -1 0 10
¢= [0 —0.1}’ A= {0.9 0.9}’ Aa = {o 1]’ = [0 1]'
We assume that with satisfy

h(t) = sin?(t)
and 0 S h1 S h(t) S hg

By taking parameters D = 0.5,n = 0.9,m = 0.5 and a = 0.2 , we get Example 1. remains
feasible for any delay time h; = 0 and hy = 1 . Theorem 1. yields the following set of feasible



solutions :

0, = 3.9601 x 10> —0.0000 x 10?
17 1-0.0000 x 10°  3.9601 x 10% |’

B - 416.7206  1.2125
71 1.2125  405.3354]°

o _ [0-004 0.0001
'~ [0.0001 0.005 |°

- |0-00240.0000
~ [0.0000 0.014 |

[ 0.5103 —0.0007
|—0.0007 0.5176 |’

_ [1.7268 0.0016
10.0016 1.3562°

p. _ [~1.0055 0.0033
¥ =0.0204 —0.9085]

P — [—0.0244 x 10> —0.4054 x 10?
%7 [-0.5297 x 10°  —0.0135 x 10|

[—1.3690 —0.0544
P23 - :| 9

| —0.0305 —1.7511

P _ [+3.2653 % 10° —0.0358 x 10°
#71-0.0361 x 10 —3.4496 x 10°|°

P — [—113.7437  —19.1402

7| —28.4193  80.2111 |

P [3.9601 x 103 0

"o 0 3.9601 x 103’

P55:

3.2653 x 10® 0.0359 x 10°
10.0359 x 103 3.4496 x 10%| "
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0, — 19.2506  1.4550
27 114550 12.2446)°

R, — {0.0033 —0.0002}7

—0.0002  0.0061

g, _ [0.0041 0.0001
>~ [0.0001 0.0051}

v _ [1:1390 0.0014
~10.0014 1.1369]

T [ 0.1003  —0.0005

~ [-0.0005 0.1024 |’
p. _ [~0-6723 —0.0077
27100171 —0.4829]

p . [~41883 x 10° —0.0235 x 10°
7 0.0268 x 10° —4.4274 x 10’

P [2.0373  0.0368
#70.0368 2.2302|

[331.7989 —10.1762
| 49.3883  378.7585 |’

P _ [2:3817 0.0520
%7 10.0520 2.6648]

b _ [3:2653 % 103 0.0358 x 103
357 10.0361 x 103 3.4495 x 103|”

P _ [3:2653 % 103 —0.0359 x 103
4571 0.0360 x 103 —3.4496 x 103’

From Theorem 1 , we conclude that system (1) is asymptotically stable.



Example 2. Consider the system (1) with the following parameters :

. [-02 0] ; [-01
=
. o1 o 10
C_{o —0.1]’1_[0 1]'

0

o)

53

By taking parameters D = 0.5,n = 0.9,m = 0.5 and a = 0.2 , we get Example 2. remains
feasible for any delay time h; = 0 and hy = 1 . Theorem 1. yields the following set of feasible

solutions :

0, = [P4612t 0

U0 5461210

R _ [07487 0

"0 5.7423)°

g _ [03456 0

"7 0 03655)°
[0.0058 0 ]

W= 0 0.0095]
05138 0

M= 0 0.5169]°
22300 0

fa= 0 1.3229]°
[—0.9577 0

Fis = 0 —1.6762]"
[—0.0502 0

Fis = 0 —0.1172]"

P _ [-15363 0

271 0 —0.9575]"

P [41.5003 0

710 —43.3520] ’

P [0-6773 0

B0 228484

P — 54.6121 0

YT 0 s46121)°

0, |1478L 0
71 0 17.3196)
R, — [04765 0
7| 0 04554
g _ [03524 0
7| 0 03739
[1.1109 0
N= 0 1.1299]
0.0991 0
T‘{ 0 0.0995}’
—0.8572 0
Fia = { 0 —1.5350]’
P _ [59.9172 0
N ) —82.1298 ]
[2.3548 0
P = | 0 26176
[1.9360 0
Fos = 0 6.2648]
[2.80955 0
s = | 0 3.1551)
P _ [349494 0
P70 3r1122)
P _ [—41.8184 0
v 0 —42.8570]



39.9496 0

FPss = 0 42.0913|

From Theorem 1 , we conclude that system (1) is asymptotically stable.

Example 3. Consider the system (1) with the following parameters :

. [-45 0] ; [-1 0
=l

A 01 0 10
=[5 )=l b
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By taking parameters D = 0.5,n = 0.9,m = 0.5 and a = 0.2 , we get Example 3. remains
feasible for any delay time h; = 0 and hy = 1 . Theorem 1. yields the following set of feasible

solutions :

Q, 135362 0

U0 155362
1.6352 0

= { 0 1.6353} ’

o _ [0.0045 0

"7 | o 00012
[0.0018 0

W= | 0 0.0068]
(0.5148 0 ]

M= 0 0.5174]"
0.1802 0

Fu = 0 0.0579} ’

p. _ [0.0486 0
B0 —0.0573]"
P [—0.7682 x 10? 0
A 0 0.3741 x 10°]

P — [—0.1136 0

» 0 —0.0366] ’
P [F11.7344 0

» 0 —~12.9741|°

0, — |22288 0
7| 0 15451
0.0040 0
Ha = .0 0.0010]
g _ [0.0047 0
>~ | o 00012
[1.1026 0
N=1" 11006’
0.1019 0
=1 0.1004]’
p._ [-00370 0
271 00 —0.0467
—15.0881
0.1443 0
P = { 0  0.0815
0.8564 0
Fou = { 0 16070
0.1785 0
P = { 0  0.0994

0
—21.7708
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P _ [F22540 0 P _ [11.6815 0
U100 41814 P00 129609
p._ 155362 0 p_ _ [11.7400 0
YT 0 155362)° P 0 —12.9757|"
P — [11.7258 0

Tl 0 129713

From Theorem 1 , we conclude that system (1) is asymptotically stable.

5 Conclusion

The stability problem for a class of singular time-varying delay systems has been investi-
gated. Firstly, the singular system is represented as a neutral system. Then an augmented LKF
and the Wirtinger-based integral inequality method are used to derive a new delay-dependent
stability criterion in terms of LMIs. Three numerical examples are given to illustrate the re-
duced conservatism of the proposed method. Note that our method is proposed for dealing with
time-varying delay. In the sense of finite-time stability (FTS), the proposed neutral system ap-
proach is not applicable and this has to be opened problem future works. For we expected that
our present method is useful and may be effective method for FTS of singular systems.
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MATLAB CODE



MATLAB CODE

1. MATLAB CODE for finding solution of examples 1

A=[-2,0;0.9,0.9]

Ad=[-1,0;0,1]

C=[0.1,0;0,-0.1]

1=[1,0;0,1]

h1=0

h2=1

D=0.5

n=0.9

m=0.5

a=0.2

setlmis([]);

S1=lmivar(1,[2,1]);
S2=lmivar(1,[2,1]);
Q1=lmivar(1,[2,1]);
Q2=Imivar(1,[2,1]);
R1=lmivar(1,[2,1]);
R2=Imivar(1,[2,1]);
W=Imivar(1,[2,1]);
P11=Imivar(1,[2,1]);
P12=lmivar(2,[2,2]);
P13=Imivar(2,[2,2]);
Pl14=Imivar(2,[2,2]);
P15=Imivar(2,(2,2]);
P22=Imivar(1,[2,1]);

P23=Imivar(2,[2,2]);
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P24=Imivar(2,[2,2]);
P25=lmivar(2,[2,2]);
P33=Imivar(1,[2,1]);
P34=lmivar(2,[2,2]);
P35=Imivar(2,[2,2]);
P44=Imivar(1,[2,1]);
P45=lmivar(2,[2,2]);
P55=Imivar(1,[2,1]);
N=Imivar(1,[2,1]);
M=Imivar(1,[2,1]);
T=Imivar(1,[2,1]);

Imiterm([1 1 1 P11],1,A,'s");
Imiterm([1 1 1 P14],1,1,'s");
Imiterm([1 1 1 P15],1,1,'s");
Imiterm([1 1 1 Q1],1,1);
Imiterm([1 1 1 Q2],1,1);
Imiterm([1 1 1 S1],A",A);
Imiterm([1 1 1 S2],A',A);
Imiterm([1 1 1 R1],.5*h17(2)*A'A,'s);
Imiterm([1 1 1 R1],.5%4,-1,'s");
Imiterm([1 1 1 R2],.5¥h2"(2)*A",A,'s);
Imiterm([1 1 1 R2],.5%4,-1,'s");
Imiterm([1 2 1 -P14],1,-1);
Imiterm([1 2 1 -P12],A',1);
Imiterm([1 2 1 -P24],1,1);
Imiterm([1 2 1 -P25],1,1);
Imiterm([1 2 1 R1],2,-1);
Imiterm([1 2 2 P24],1,-1,'s");

Imiterm([1 2 2 Q1],1,-1);

% LMI #1: P11*A+A"*P11
% LMI #1: P14+P14'
% LMI #1: P15+P15'

% LMI #1: Q1

% LMI #1: Q2

% LMI #1: A*S1*A

% LMI #1: A™*S2*A

% LMI #1: h1°(2)*A"*R1*A (NON SYMMETRIC?)
% LMI #1: -4*R1 (NON SYMMETRIC?)

% LMI #1: h27(2)*A"*R2*A (NON SYMMETRIC?)
% LMI #1: -4*R2 (NON SYMMETRIC?)

% LMI #1: -P14'

% LMI #1: A*P12'

% LMI #1: P24'

% LMI #1: P25'

% LMI #1: -2*R1

% LMI #1: -P24-P24'

% LMI #1: -Ql1
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Imiterm([1 2 2 R1],.5*4,-1,'s");
Imiterm([1 3 1 -P15],1,-1);
Imiterm([1 3 1 -P13],A',1);
Imiterm([1 3 1 -P34],1,1);
Imiterm([1 3 1 -P35],1,1);
Imiterm([1 3 1 R2],2,-1);
Imiterm([1 3 2 -P25],1,-1);
Imiterm([1 3 2 -P34],1,-1);
Imiterm([1 3 3 P35],1,-1,'s");
Imiterm([1 3 3 Q2],1,-1);
Imiterm([1 3 3 R2],.5%4,-1,'s");
Imiterm([1 4 1 -P12],1,1);
Imiterm([1 4 2 -P22],1,1);
Imiterm([1 4 3 P23],1,1);
Imiterm([1 4 4 S1],1,-1);
Imiterm([1 5 1 -P13],1,1);
Imiterm([1 5 2 -P23],1,1);
Imiterm([1 5 3 -P33],1,1);
Imiterm([1 5 5 S2],1,-1);
Imiterm([1 6 1 -P14],h1*A',1);
Imiterm([1 6 1 -P44],h1,1);
Imiterm([1 6 1 -P45],h1,1);
Imiterm([1 6 1 R1],6,1);
Imiterm([1 6 2 -P44],h1,-1);
Imiterm([1 6 2 R1],6,1);
Imiterm([1 6 3 -P45],h1,-1);
Imiterm([1 6 4 P24],h1,1);
Imiterm([1 6 5 P34],h1,1);

Imiterm([1 6 6 R1],.5*12,-1,'s");

% LMI #1
% LMI #1
% LMI #1
% LMI #1
% LMI #1
% LMI #1
% LMI #1
% LMI #1
% LMI #1
% LMI #1
% LMI #1
% LMI #1
% LMI #1
% LMI #1
% LMI #1
% LMI #1
% LMI #1
% LMI #1
% LMI #1
% LMI #1
% LMI #1
% LMI #1
% LMI #1:

% LMI #1

:-4*R1 (NON SYMMETRIC?)
:-P15'

: A™P13'

: P34

: P35

: -2*R2

: -p25'

: -P34'

: -P35-P35'
:-Q2

: -4*R2 (NON SYMMETRIC?)
: P12

: P22

: P23

:-S1

: P13

: P23

: P33

HENY
:h1*A™*P14'
- h1*¥P44'

- h1*¥P45'

6*R1

 -h1*P44

% LMI #1: 6*R1

% LMI #1:

-h1*p45'

% LMI #1: h1*P24

% LMI #1: h1*P34

% LMI #1: -12*R1 (NON SYMMETRIC?)
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Imiterm([1 7 1 -P15],h2*A",1);
Imiterm([1 7 1 P45],h2,1);
Imiterm([1 7 1 -P55],h2,1);
Imiterm([1 7 1 R2].6,1);
Imiterm([1 7 2 P25],h2,1);
Imiterm([1 7 2 P45],h2,-1);
Imiterm([1 7 3 P35],h2,1);
Imiterm([1 7 3 -P55],h2,-1);
Imiterm([1 7 3 R21,6,1);
Imiterm([1 7 7 R2],.5*12,-1,'s");
Imiterm([1 8 1 -P11],1,Ad);
Imiterm([1 8 1 S1],A",Ad);
Imiterm([1 8 1 S2],A',Ad);
Imiterm([1 8 1 R11,h1A(2)*A"Ad);
Imiterm([1 8 1 R2],h2"(2)*A",Ad);
Imiterm([1 8 1 W]LA',-1);
Imiterm([1 8 1 T],1,a);
Imiterm([1 8 2 P12],1,Ad);
Imiterm([1 8 3 P13],1,Ad);
Imiterm([1 8 6 P14],h1,Ad);
Imiterm([1 8 7 P15],h2,Ad);
Imiterm([1 8 8 S1],Ad',Ad);

Imiterm([1 8 8 S2],Ad',Ad);

Imiterm([1 8 8 R1],.5*h1~(2)*Ad',Ad,'s");

Imiterm([1 8 8 R2],.5*h27(2)*Ad",Ad,'s');

Imiterm([1 8 8 W],1,-Ad,'s');
Imiterm([1 8 8 T],.5*2,-a,'s');
Imiterm([1 9 1 -P11],1,C);

Imiterm([1 9 1 S1],A",C);
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% LMI #1: h2*A"™*P15'
% LMI #1: h2*P45
% LMI #1: h2*P55'
% LMI #1: 6*R2
% LMI #1: h2*P25
% LMI #1: -h2*P45
% LMI #1: h2*P35
% LMI #1: -h2*P55'
% LMI #1: 6*R2
% LMI #1: -12*R2 (NON SYMMETRIC?)
% LMI #1: P11'*Ad
% LMI #1: A"™*S1*Ad
% LMI #1: A'"*S2*Ad
% LMI #1: h1~(2)*A'*R1*Ad
% LMI #1: h2°(2)*A"*R2*Ad
% LMI #1: -A"™*W
% LMI #1: T*a
% LMI #1: P12*Ad
% LMI #1: P13*Ad
% LMI #1: h1*P14*Ad
% LMI #1: h2*P15*Ad
% LMI #1: Ad'*S1*Ad
% LMI #1: Ad"*S2*Ad
% LMI #1: h1~(2)*Ad'*R1*Ad (NON SYMMETRIC?)
% LMI #1: h2°(2)*Ad'*R2*Ad (NON SYMMETRIC?)
% LMI #1: -W*Ad-Ad'*W
% LMI #1: -2*T*a (NON SYMMETRIC?)
% LMI #1: P11'*C

% LMI #1: A"™*S1*C



Imiterm([1 9 1 S2],A",C);
Imiterm([1 9 1 R1],h17(2)*A",C);
Imiterm([1 9 1 R2],h2"(2)*A",C);
Imiterm([1 9 1 WL,A',-1);
Imiterm([1 9 2 P12],1,C);
Imiterm([1 9 3 P13],1,0);
Imiterm([1 9 6 P14],h1,C);
Imiterm([1 9 7 P15],h2,C);
Imiterm([1 9 8 S1],Ad',C);
Imiterm([1 9 8 S2],Ad',C);
Imiterm([1 9 8 R1],h1N2)*Ad',C);
Imiterm([1 9 8 R2],h2~(2)*Ad',C);
Imiterm([1 9 8 W],1,-C);
Imiterm([1 9 8 W],Ad',-1);
Imiterm([1 9 9 S11,C",C);
Imiterm([1 9 9 S2],C',C);

Imiterm([1 9 9 R1],.5*h1°(2)*C',C,'s");
Imiterm([1 9 9 R2],.5*h2~(2)*C'",C,'s");

Imiterm([1 9 9 W],1,-C,'s");
Imiterm([1 9 9 N],.5%2,-1,'s");
Imiterm([1 9 9 0],n*(1-D)(2)*]);
Imiterm([1 10 1 W],A',1);
Imiterm([1 10 8 W],Ad',1);
Imiterm([1 10 8 W],1,1);
Imiterm([1 10 9 W],C',1);
Imiterm([1 10 9 W],1,1);
Imiterm([1 10 10 W1,.5%2,-1,'s");
Imiterm([1 11 8 T],1,-1);

Imiterm([1 11 11 M],.5%2,-1,'s");

% LMI #1:

% LMI #1:
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A"™*S2*C

h172)*A"*R1*C

% LMI #1: h2°(2)*A'*R2*C

% LMI #1:
% LMI #1:
% LMI #1:
% LMI #1:
% LMI #1:
% LMI #1:
% LMI #1:
% LMI #1:

% LMI #1:

-A*W

P12*C

P13*C

h1*P14*C
h2*P15*C
Ad'*S1*C
Ad*S2*C
h1M2)*Ad*R1*C

h2”(2)*Ad'*R2*C

% LMI #1: -W*C

% LMI #1: -Ad"*W

% LMI #1:
% LMI #1:
% LMI #1:
% LMI #1:
% LMI #1:
% LMI #1:
% LMI #1:
% LMI #1:
% LMI #1:
% LMI #1:
% LMI #1:
% LMI #1:
% LMI #1:
% LMI #1:

% LMI #1:

C*S1*C

C'*S2*C

h1M2)*C'*R1*C (NON SYMMETRIC?)
h27(2)*C'*R2*C (NON SYMMETRIC?)
-W*C-C*W

-2*N (NON SYMMETRIC?)
n*(1-D)N2)*1

AW

Ad*W

W

C*W

W

-2*W (NON SYMMETRIC?)

-T

-2*M (NON SYMMETRIC?)



Imiterm([1 11 11 0],m*a™(2)*1);

Imiterm([1 12 9 -N1,1,1);

Imiterm([1 12 12 0],-n*I);

Imiterm([1 13 11 -M],1,1);

Imiterm([1 13 13 0],-m*I);

Imiterm([-2 1 1 S1],1,1);

Imiterm([-3 1 1 S2],1,1);

Imiterm([-4 1 1 Q1],1,1);

Imiterm([-5 1 1 Q2],1,1);

Imiterm([-6 1 1 R1],1,1);

Imiterm([-7 1 1 R2],1,1);

Imiterm([-8 1 1 W1,1,1);

Imiterm([-9 1 1 P11],1,1);

Imiterm([-10 1 1 P22],1,1);

Imiterm([-11 1 1 P33],1,1);

Imiterm([-12 1 1 P44],1,1);

Imiterm([-13 1 1 P55],1,1);

%LMI #1: m*a™(2)*I

% LMI#1: N'

% LMI #1: -n*I

% LMI #1: M'

% LMI #1: -m*1

% LMI #2: S1

% LMI #3: S2

% LMI #4: Q1

% LMI #5: Q2

% LMI #6: R1

% LMI #7: R2

% LMI #8: W

% LMI #9: P11

% LMI #10: P22

% LMI #11: P33

% LMI #12: P44

% LMI #13: P55



Imiterm([-14 1 1 N],1,1); % LMI #14: N
Imiterm([-15 1 1 M],1,1); % LMI #15: M
Imiterm([-16 1 1 T],1,1); % LMI #16: T

[S281=getlmis;
[tmin,xfeas]=feasp(IS281)
Ql=dec2mat(IS281,xfeas,Q1)
Q2=dec2mat(IS281,xfeas,Q2)
R1=dec2mat(IS281 xfeas,R1)
R2=dec2mat(IS281,xfeas,R2)
S1=dec2mat(IS281,xfeas,S1)
S2=dec2mat(IS281,xfeas,S2)
W=dec2mat(IS281,xfeas,W)
N=dec2mat(IS281,xfeas,N)
M=dec2mat(IS281,xfeas,M)
T=dec2mat(IS281,xfeas,T)
P11=dec2mat(IS281 xfeas,P11)
P12=dec2mat(IS281,xfeas,P12)
P13=dec2mat(IS281,xfeas,P13)
Pl4=dec2mat(IS281,xfeas,P14)
P15=dec2mat(IS281,xfeas,P15)
P22=dec2mat(IS281,xfeas,P22)
P23=dec2mat(IS281,xfeas,P23)
P24=dec2mat(IS281 xfeas,P24)
P25=dec2mat(1S281,xfeas,P25)

P33=dec2mat(IS281,xfeas,P33)
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P34=dec2mat(IS281,xfeas,P34)
P35=dec2mat(IS281,xfeas,P35)
P44=dec2mat(IS281,xfeas,P44)
P45=dec2mat(IS281,xfeas,P45)
P55=dec2mat(IS281,xfeas,P55)

tmin

2. MATLAB CODE for finding solution of examples 2

A=[-0.2,0;0,1]

Ad=[-0.1,0;0,0.1]

C=[0.1,0;0,-0.1]

1=[1,0;0,1]

h1=0

h2=1

D=0.5

n=0.9

m=0.5

a=0.2

setlmis([]);

S1=lmivar(1,[2,1]);
S2=Imivar(1,[2,1]);
Ql=Imivar(1,[2,1]);
Q2=lmivar(1,[2,1]);
R1=Imivar(1,[2,1]);
R2=Imivar(1,[2,1]);
W=Imivar(1,[2,1]);
P11=lmivar(1,[2,1]);

P12=Imivar(2,[2,2]);
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P13=Imivar(2,[2,2]);
Pl14=lmivar(2,[2,2]);
P15=Imivar(2,[2,2]);
P22=Imivar(1,[2,1]);
P23=lmivar(2,[2,2]);
P24=Imivar(2,[2,2]);
P25=lmivar(2,[2,2]);
P33=Imivar(1,[2,1]);
P34=Imivar(2,[2,2]);
P35=Imivar(2,[2,2]);
P44=Imivar(1,[2,1]);
P45=lmivar(2,[2,2]);
P55=Imivar(1,[2,1]);
N=Imivar(1,[2,1]);
M=Imivar(1,[2,1]);
T=Imivar(1,[2,1]);

Imiterm([1 1 1 P11],1,A,'s");
Imiterm([1 1 1 P14],1,1,'s");
Imiterm([1 1 1 P15],1,1,'s");
Imiterm([1 1 1 Q11,1,1);
Imiterm([1 1 1 Q2],1,1);
Imiterm([1 1 1 S1],A",A);
Imiterm([1 1 1 S2],A',A);
Imiterm([1 1 1 R1],.5*h1°(2)*A'A,'s);
Imiterm([1 1 1 R1],.5%4,-1,'s");
Imiterm([1 1 1 R2],.5*h2(2)*A',A,'s");
Imiterm([1 1 1 R2],.5%4,-1,'s");
Imiterm([1 2 1 -P14],1,-1);

Imiterm([1 2 1 -P12],A",1);

% LMI #1: P11*A+A"™*P11

% LMI #1: P14+P14'
% LMI #1: P15+P15'
% LMI #1: Q1
% LMI #1: Q2
% LMI #1: A*S1*A

% LMI #1: A"™*S2*A

% LMI #1: h1°(2)*A"*R1*A (NON SYMMETRIC?)
% LMI #1: -4*R1 (NON SYMMETRIC?)
% LMI #1: h2~(2)*A"*R2*A (NON SYMMETRIC?)

% LMI #1: -4*R2 (NON SYMMETRIC?)

% LMI #1: -P14'

% LMI #1: A™*P12'
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Imiterm([1 2 1 -P24],1,1);
Imiterm([1 2 1 -P25],1,1);
Imiterm([1 2 1 R1],2,-1);
Imiterm([1 2 2 P24],1,-1,'s");
Imiterm([1 2 2 Q1],1,-1);
Imiterm([1 2 2 R1],.5%4,-1,'s");
Imiterm([1 3 1 -P15],1,-1);
Imiterm([1 3 1 -P13],A',1);
Imiterm([1 3 1 -P34],1,1);
Imiterm([1 3 1 -P35],1,1);
Imiterm([1 3 1 R2],2,-1);
Imiterm([1 3 2 -P25],1,-1);
Imiterm([1 3 2 -P34],1,-1);
Imiterm([1 3 3 P35],1,-1,'s");
Imiterm([1 3 3 Q2],1,-1);
Imiterm([1 3 3 R2],.5%4,-1,'s");
Imiterm([1 4 1 -P12],1,1);
Imiterm([1 4 2 -P22],1,1);
Imiterm([1 4 3 P23],1,1);
Imiterm([1 4 4 S1],1,-1);
Imiterm([1 5 1 -P13],1,1);
Imiterm([1 5 2 -P23],1,1);
Imiterm([1 5 3 -P33],1,1);
Imiterm([1 5 5 S2],1,-1);
Imiterm([1 6 1 -P14],h1*A",1);
Imiterm([1 6 1 -P44],h1,1);
Imiterm([1 6 1 -P45],h1,1);
Imiterm([1 6 1 R1],6,1);

Imiterm([1 6 2 -P44],h1,-1);

% LMI #1:
% LMI #1:
% LMI #1:
% LMI #1:
% LMI #1:
% LMI #1:
% LMI #1:
% LMI #1:
% LMI #1:
% LMI #1:
% LMI #1:
% LMI #1:
% LMI #1:
% LMI #1:
% LMI #1:
% LMI #1:
% LMI #1:
% LMI #1:
% LMI #1:
% LMI #1:
% LMI #1:
% LMI #1:
% LMI #1:
% LMI #1:

% LMI #1:

% LMI #1:
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P24

P25’
-2*R1
-P24-P24'
-Ql

-4*R1 (NON SYMMETRIC?)
-P15'
A*P13'
P34

P35’
2*R2
-p25'
-P34'
-P35-P35'
Q2

-4*R2 (NON SYMMETRIC?)

P12
p22'
P23
-S1
P13’
p23'

P33’

S2
h1*A'™*P14'

h1*P44'

% LMI #1: h1*P45'

% LMI #1: 6*R1

% LMI #1: -h1*P44'



Imiterm([1 6 2 R1],6,1);
Imiterm([1 6 3 -P45],h1,-1);
Imiterm([1 6 4 P24],h1,1);
Imiterm([1 6 5 P34],h1,1);
Imiterm([1 6 6 R1],.5*12,-1,'s");
Imiterm([1 7 1 -P15],h2*A",1);
Imiterm([1 7 1 P45],h2,1);
Imiterm([1 7 1 -P55],h2,1);
Imiterm([1 7 1 R2],6,1);
Imiterm([1 7 2 P25],h2,1);
Imiterm([1 7 2 P45],h2,-1);
Imiterm([1 7 3 P35],h2,1);
Imiterm([1 7 3 -P55],h2,-1);
Imiterm([1 7 3 R2],6,1);
Imiterm([1 7 7 R2],.5*12,-1,'s");
Imiterm([1 8 1 -P11],1,Ad);
Imiterm([1 8 1 S1],A",Ad);

Imiterm([1 8 1 S2],A',Ad);

Imiterm([1 8 1 R1],h17(2)*A",Ad);

Imiterm([1 8 1 R2],h2"(2)*A',Ad);

Imiterm([1 8 1 W]LA',-1);
Imiterm([1 8 1 T],1,a);
Imiterm([1 8 2 P12],1,Ad);
Imiterm([1 8 3 P13],1,Ad);
Imiterm([1 8 6 P14],h1,Ad);
Imiterm([1 8 7 P15],h2,Ad);
Imiterm([1 8 8 S1],Ad',Ad);
Imiterm([1 8 8 S2],Ad',Ad);

Imiterm([1 8 8 R1],.5*h1~(2)*Ad',Ad,'s");
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% LMI #1: 6*R1
% LMI #1: -h1*P45'
% LMI #1: h1*P24
% LMI #1: h1*¥P34
% LMI #1: -12*R1 (NON SYMMETRIC?)
% LMI #1: h2*A"™*P15'
% LMI #1: h2*P45
% LMI #1: h2*P55'
% LMI #1: 6¥R2
% LMI #1: h2*P25
% LMI #1: -h2*P45
% LMI #1: h2*P35
% LMI #1: -h2*P55'
% LMI #1: 6¥R2
% LMI #1: -12*R2 (NON SYMMETRIC?)
% LMI #1: P11'*Ad
% LMI #1: A'"*S1*Ad
% LMI #1: A'"*S2*Ad
% LMI #1: h1"(2)*A"*R1*Ad
% LMI #1: h2°(2)*A"*R2*Ad
% LMI #1: -A"™*W
% LMI #1: T*a
% LMI #1: P12*Ad
% LMI #1: P13*Ad
% LMI #1: h1*P14*Ad
% LMI #1: h2*P15*Ad
% LMI #1: Ad'*S1*Ad
% LMI #1: Ad'*S2*Ad

% LMI #1: h1~(2)*Ad'*R1*Ad (NON SYMMETRIC?)
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Imiterm([1 8 8 R2],.5*h2"(2)*Ad',Ad,'s"); % LMI #1: h27(2)*Ad'*R2*Ad (NON SYMMETRIC?)
Imiterm([1 8 8 W],1,-Ad,'s'); % LMI #1: -W*Ad-Ad'*W

Imiterm([1 8 8 T],.5%2,-a,'s"); % LMI #1: -2*T*a (NON SYMMETRIC?)
Imiterm([1 9 1 -P11],1,C); % LMI #1: P11'*C

Imiterm([1 9 1 S1],A',C); % LMI #1: A'"*S1*C

Imiterm([1 9 1 S2],A",C); % LMI #1: A"™*S2*C

Imiterm([1 9 1 R1],h1°(2)*A",C); % LMI #1: h1/(2)*A*R1*C

Imiterm([1 9 1 R2],h2"(2)*A",C); % LMI #1: h27(2)*A"*R2*C

Imiterm([1 9 1 WLA',-1); % LMI #1: -A'"*W

Imiterm([1 9 2 P12],1,C); % LMI #1: P12*C

Imiterm([1 9 3 P13],1,0); % LMI #1: P13*C

Imiterm([1 9 6 P14],h1,C); % LMI #1: h1*P14*C

Imiterm([1 9 7 P15],h2,C); % LMI #1: h2*P15*C

Imiterm([1 9 8 S1],Ad',C); % LMI #1: Ad"*S1*C

Imiterm([1 9 8 $2],Ad",C); % LMI #1: Ad"*S2*C

Imiterm([1 9 8 R1L,h17(2)*Ad',C); % LMI #1: h1°(2)*Ad'*R1*C

Imiterm([1 9 8 R2],h2"(2)*Ad',C); % LMI #1: h27(2)*Ad'*R2*C

Imiterm([1 9 8 W1,1,-C); % LMI #1: -W*C

Imiterm([1 9 8 W],Ad',-1); % LMI #1: -Ad"*W

Imiterm([1 9 9 S11,C',C); % LMI #1: C*S1*C

Imiterm([1 9 9 S2],C',C); % LMI #1: C'*S2*C

Imiterm([1 9 9 R1],.5*h1°(2)*C",C,'s"); % LMI #1: h1°(2)*C'*R1*C (NON SYMMETRIC?)
Imiterm([1 9 9 R2],.5*h2°(2)*C",C,'s"); % LMI #1: h2"(2)*C'*R2*C (NON SYMMETRIC?)
Imiterm([1 9 9 W],1,-C.,'s"); % LMI #1: -W*C-C'*W

Imiterm([1 9 9 NJ,.5%2,-1,'s"); % LMI #1: -2*N (NON SYMMETRIC?)

Imiterm([1 9 9 0],n*(1-D)N2)*]); % LMI #1: n*(1-D)M2)*1

Imiterm([1 10 1 W],A",1); % LMI #1: A*W
Imiterm([1 10 8 W],Ad',1); % LMI #1: Ad"*W

Imiterm([1 10 8 W1,1,1); % LMI #1: W



Imiterm([1 10 9 W],C',1);

Imiterm([1 10 9 W1,1,1);

Imiterm([1 10 10 W1,.5%2,-1,'s");

Imiterm([1 11 8 T],1,-1);

Imiterm([1 11 11 M],.5*2,-1,'s");

Imiterm([1 11 11 0],m*a™(2)*1);

Imiterm([1 12 9 -N1,1,1);

Imiterm([1 12 12 0],-n*I);

Imiterm([1 13 11 -M],1,1);

Imiterm([1 13 13 0],-m*I);

Imiterm([-2 1 1 S1],1,1);

Imiterm([-3 1 1 S2],1,1);

Imiterm([-4 1 1 Q1],1,1);

Imiterm([-5 1 1 Q2],1,1);

Imiterm([-6 1 1 R1],1,1);

Imiterm([-7 1 1 R2],1,1);

Imiterm([-8 1 1 W1,1,1);

Imiterm([-9 1 1 P11],1,1);

Imiterm([-10 1 1 P22],1,1);
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% LMI #1: C*W

% LMI#1: W

% LMI #1: -2*W (NON SYMMETRIC?)

% LMI #1: -T

% LMI #1: -2*M (NON SYMMETRIC?)

%LMI #1: m*a™(2)*1

% LMI#1: N'

% LMI #1: -n*I

% LMI #1: M'

% LMI #1: -m*I

% LMI #2: S1

% LMI #3: S2

% LMI #4: Q1

% LMI #5: Q2

% LMI #6: R1

% LMI #7: R2

% LML #8: W

% LMI #9: P11

% LMI #10: P22



Imiterm([-11 1 1 P33],1,1);

Imiterm([-12 1 1 P44],1,1);

Imiterm([-13 1 1 P55],1,1);

Imiterm([-14 1 1 N1,1,1);

Imiterm([-15 1 1 M],1,1);

Imiterm([-16 1 1 T],1,1);

[S281=getlmis;
[tmin,xfeas]=feasp(IS281)
Ql=dec2mat(IS281,xfeas,Q1)
Q2=dec2mat(IS281,xfeas,Q2)
R1=dec2mat(IS281,xfeas,R1)
R2=dec2mat(IS281,xfeas,R2)
S1=dec2mat(IS281 xfeas,S1)
S2=dec2mat(IS281,xfeas,S2)
W=dec2mat(IS281,xfeas,W)
N=dec2mat(IS281,xfeas,N)
M=dec2mat(IS281,xfeas,M)
T=dec2mat(IS281,xfeas,T)
P11=dec2mat(1S281,xfeas,P11)
P12=dec2mat(IS281,xfeas,P12)
P13=dec2mat(IS281,xfeas,P13)
Pl4=dec2mat(1S281,xfeas,P14)

P15=dec2mat(IS281,xfeas,P15)

% LMI #11: P33

% LMI #12: P44

% LMI #13: P55

% LMI #14: N

% LMI #15: M

% LMI #16: T
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P22=dec2mat(IS281,xfeas,P22)
P23=dec2mat(IS281,xfeas,P23)
P24=dec2mat(IS281,xfeas,P24)
P25=dec2mat(1S281,xfeas,P25)
P33=dec2mat(1S281,xfeas,P33)
P34=dec2mat(IS281,xfeas,P34)
P35=dec2mat(IS281,xfeas,P35)
P44=dec2mat(IS28 1, xfeas,P44)
P45=dec2mat(IS281,xfeas,P45)
P55=dec2mat(IS281 xfeas,P55)

tmin

3. MATLAB CODE for finding solution of examples 3

A=[-4.5.0:0.6]

Ad=[-1,0;0,2]

C=[0.1,0;0,-0.1]

1=[1,0;0,1]

h1=0

h2=1

D=0.5

n=0.9

m=0.5

a=0.2

setlmis([]);

S1=Imivar(1,[2,1]);
S2=lmivar(1,[2,1]);
Ql=lmivar(1,[2,1]);
Q2=Imivar(1,[2,1]);

R1=Imivar(1,[2,1]);
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R2=Imivar(1,[2,1]);
W=Imivar(1,[2,1]);
P11=Imivar(1,[2,1]);
P12=Imivar(2,[2,2]);
P13=lmivar(2,[2,2]);
Pl4=Imivar(2,[2,2]);
P15=Imivar(2,(2,2]);
P22=Imivar(1,[2,1]);
P23=Imivar(2,[2,2]);
P24=Imivar(2,[2,2]);
P25=Imivar(2,[2,2]);
P33=Imivar(1,[2,1]);
P34=Imivar(2,[2,2]);
P35=Imivar(2,[2,2]);
P44=Imivar(1,[2,1]);
P45=Imivar(2,[2,2]);
P55=Imivar(1,[2,1]);
N=lImivar(1,[2,1]);
M=lmivar(1,[2,1]);
T=Imivar(1,[2,1]);
Imiterm([1 1 1 P11],1,A,'s");
Imiterm([1 1 1 P14],1,1,'s");
Imiterm([1 1 1 P15],1,1,'s");
Imiterm([1 1 1 Q1],1,1);
Imiterm([1 1 1 Q2],1,1);
Imiterm([1 1 1 S1],A",A);
Imiterm([1 1 1 S2],A",A);
Imiterm([1 1 1 R1],.5*h1N(2)*A"A,'s);

Imiterm([1 1 1 R1],.5%4,-1,'s");

% LMI #1: P11*A+A"*P11

% LMI #1: P14+P14'

% LMI #1: P15+P15'

% LMI #1: Q1

% LMI #1: Q2

% LMI #1: A*S1*A

% LMI #1: A™*S2*A

% LMI #1: h1°(2)*A"*R1*A (NON SYMMETRIC?)

% LMI #1: -4*R1 (NON SYMMETRIC?)

74



Imiterm([1 1 1 R2],.5*h27(2)*A",A,'s);
Imiterm([1 1 1 R2],.5%4,-1,'s");
Imiterm([1 2 1 -P14],1,-1);
Imiterm([1 2 1 -P12],A',1);
Imiterm([1 2 1 -P24],1,1);
Imiterm([1 2 1 -P25],1,1);
Imiterm([1 2 1 R1],2,-1);
Imiterm([1 2 2 P24],1,-1,'s");
Imiterm([1 2 2 Q1],1,-1);
Imiterm([1 2 2 R1],.5%4,-1,'s");
Imiterm([1 3 1 -P15],1,-1);
Imiterm([1 3 1 -P13],A',1);
Imiterm([1 3 1 -P34],1,1);
Imiterm([1 3 1 -P35],1,1);
Imiterm([1 3 1 R2],2,-1);
Imiterm([1 3 2 -P25],1,-1);
Imiterm([1 3 2 -P34],1,-1);
Imiterm([1 3 3 P35],1,-1,'s");
Imiterm([1 3 3 Q2],1,-1);
Imiterm([1 3 3 R2],.5%4,-1,'s");
Imiterm([1 4 1 -P12],1,1);
Imiterm([1 4 2 -P22],1,1);
Imiterm([1 4 3 P23],1,1);
Imiterm([1 4 4 S1],1,-1);
Imiterm([1 5 1 -P13],1,1);
Imiterm([1 5 2 -P23],1,1);
Imiterm([1 5 3 -P33],1,1);
Imiterm([1 5 5 S2],1,-1);

Imiterm([1 6 1 -P14],h1*A’'1);

% LMI #1:
% LMI #1:
% LMI #1:
% LMI #1:
% LMI #1:
% LMI #1:
% LMI #1:
% LMI #1:
% LMI #1:
% LMI #1:
% LMI #1:
% LMI #1:
% LMI #1:
% LMI #1:
% LMI #1:
% LMI #1:
% LMI #1:
% LMI #1:

% LMI #1:
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h2/(2)*A"*R2*A (NON SYMMETRIC?)
-4*R2 (NON SYMMETRIC?)
-P14'

A'*P12'

P24

P25’

-2*R1

-P24-P24'

_Ql

-4*R1 (NON SYMMETRIC?)
-P15'

A"*P13'

P34

P35’

-2*R2

-P25'

-P34'

-P35-P35'

Q2

% LMI #1: -4*R2 (NON SYMMETRIC?)

% LMI #1:
% LMI #1:

% LMI #1:

P12

P22

P23

% LMI #1: -S1

% LMI #1:
% LMI #1:
% LMI #1:

% LMI #1:

P13’

P23’

P33’

-S2

% LMI #1: h1*A"*P14'



Imiterm([1 6 1 -P44],h1,1);
Imiterm([1 6 1 -P45],h1,1);
Imiterm([1 6 1 R1],6,1);
Imiterm([1 6 2 -P44],h1,-1);
Imiterm([1 6 2 R1],6,1);
Imiterm([1 6 3 -P45],h1,-1);
Imiterm([1 6 4 P24],h1,1);
Imiterm([1 6 5 P34],h1,1);
Imiterm([1 6 6 R1],.5%12,-1,'s");
Imiterm([1 7 1 -P15],h2*A',1);
Imiterm([1 7 1 P45],h2,1);
Imiterm([1 7 1 -P55],h2,1);
Imiterm([1 7 1 R2],6,1);
Imiterm([1 7 2 P25],h2,1);
Imiterm([1 7 2 P45],h2,-1);
Imiterm([1 7 3 P35],h2,1);
Imiterm([1 7 3 -P55],h2,-1);
Imiterm([1 7 3 R2],6,1);
Imiterm([1 7 7 R2],.5%12,-1,'s");
Imiterm([1 8 1 -P11],1,Ad);
Imiterm([1 8 1 S1],A',Ad);
Imiterm([1 8 1 S2],A",Ad);
Imiterm([1 8 1 R1,h17(2)*A',Ad);
Imiterm([1 8 1 R2],h2"(2)*A",Ad);
Imiterm([1 8 1 W],A',-1);
Imiterm([1 8 1 T],1,a);
Imiterm([1 8 2 P12],1,Ad);
Imiterm([1 8 3 P13],1,Ad);

Imiterm([1 8 6 P14],h1,Ad);
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% LMI #1: h1*P44'
% LMI #1: h1*P45'
% LMI #1: 6*R1
% LMI #1: -h1*P44'
% LMI #1: 6*R1
% LMI #1: -h1*P45'
% LMI #1: h1*P24
% LMI #1: h1*P34
% LMI #1: -12*R1 (NON SYMMETRIC?)
% LMI #1: h2*A"™*P15'
% LMI #1: h2*P45
% LMI #1: h2*P55'
% LMI #1: 6*R2
% LMI #1: h2*P25
% LMI #1: -h2*P45
% LMI #1: h2*P35
% LMI #1: -h2*P55'
% LMI #1: 6*R2
% LMI #1: -12*R2 (NON SYMMETRIC?)
% LMI #1: P11'*Ad
% LMI #1: A'"*S1*Ad
% LMI #1: A"™*S2*Ad
% LMI #1: h1"(2)*A"*R1*Ad
% LMI #1: h2°(2)*A"*R2*Ad
% LMI #1: -A"™*W
% LMI #1: T*a
% LMI #1: P12*Ad
% LMI #1: P13*Ad

% LMI #1: h1*P14*Ad



7

Imiterm([1 8 7 P15],h2,Ad); % LMI #1: h2*P15*Ad

Imiterm([1 8 8 S1],Ad',Ad); % LMI #1: Ad'"*S1*Ad

Imiterm([1 8 8 S2],Ad",Ad); % LMI #1: Ad*S2*Ad

Imiterm([1 8 8 R1],.5*h17(2)*Ad',Ad,'s"); % LMI #1: h1M(2)*Ad"*R1*Ad (NON SYMMETRIC?)
Imiterm([1 8 8 R2],.5*h2"(2)*Ad',Ad,'s"); % LMI #1: h2°(2)*Ad'*R2*Ad (NON SYMMETRIC?)
Imiterm([1 8 8 W1,1,-Ad,'s'); % LMI #1: -W*Ad-Ad'*W

Imiterm([1 8 8 T],.5%2,-a,'s"); % LMI #1: -2*T*a (NON SYMMETRIC?)
Imiterm([1 9 1 -P11],1,0); % LMI #1: P11'*C

Imiterm([1 9 1 S1],A",C); % LMI #1: A"*S1*C

Imiterm([1 9 1 S21,A",C):; % LMI #1: A*S2*C

Imiterm([1 9 1 R1],h17(2)*A",C); % LMI #1: h1°(2)*A"*R1*C

Imiterm([1 9 1 R2],h2"(2)*A",C); % LMI #1: h27(2)*A"*R2*C

Imiterm([1 9 1 W],A'-1); % LMI #1: -A"*W

Imiterm([1 9 2 P12],1,C); % LMI #1: P12*C

Imiterm([1 9 3 P13],1,0); % LMI #1: P13*C

Imiterm([1 9 6 P14],h1,C); % LMI #1: h1*P14*C

Imiterm([1 9 7 P15],h2,C); % LMI #1: h2*P15*C

Imiterm([1 9 8 S1],Ad',C); % LMI #1: Ad*S1*C

Imiterm([1 9 8 S2],Ad',C); % LMI #1: Ad"*S2*C

Imiterm([1 9 8 R11,h1"(2)*Ad',C); % LMI #1: h1M2)*Ad"*R1*C

Imiterm([1 9 8 R2],h2~(2)*Ad',C); % LMI #1: h2°(2)*Ad'*R2*C

Imiterm([1 9 8 W],1,-C); % LMI #1: -W*C

Imiterm([1 9 8 W],Ad',-1); % LMI #1: -Ad"*W

Imiterm([1 9 9 S1],C',C); % LMI #1: C'*S1*C

Imiterm([1 9 9 S2],C',C); % LMI #1: C'*S2*C

Imiterm([1 9 9 R1],.5*h1"°(2)*C',C,'s"); % LMI #1: h1°(2)*C'*R1*C (NON SYMMETRIC?)
Imiterm([1 9 9 R2],.5*h2"(2)*C'",C,'s"); % LMI #1: h2"(2)*C'*R2*C (NON SYMMETRIC?)
Imiterm([1 9 9 W],1,-C,'s"); % LMI #1: -W*C-C'*W

Imiterm([1 9 9 N1,.5%2,-1,'s); % LMI #1: -2*N (NON SYMMETRIC?)



Imiterm([1 9 9 0],n*(1-D)*(2)*1);
Imiterm([1 10 1 W], A',1);
Imiterm([1 10 8 W],Ad',1);
Imiterm([1 10 8 W],1,1);
Imiterm([1 10 9 W],C',1);
Imiterm([1 10 9 W],1,1);
Imiterm([1 10 10 W1,.5%2,-1,'s");
Imiterm([1 11 8 T],1,-1);
Imiterm([1 11 11 M],.5*2,-1,'s");
Imiterm([1 11 11 0],m*a™(2)*]);
Imiterm([1 12 9 -N1,1,1);
Imiterm([1 12 12 0],-n*1);
Imiterm([1 13 11 -M],1,1);

Imiterm([1 13 13 0],-m*I);

Imiterm([-2 1 1 S1],1,1);

Imiterm([-3 1 1 S2],1,1);

Imiterm([-4 1 1 Q1],1,1);

Imiterm([-5 1 1 Q2],1,1);

Imiterm([-6 1 1 R1],1,1);

Imiterm([-7 1 1 R2],1,1);

Imiterm([-8 1 1 W1],1,1);

% LMI #1:
% LMI #1:

% LMI #1:

n*(1-D)N2)*1
AW
Ad'*W

% LMI#1: W

% LMI #1:

C*W

% LMI #1: W

% LMI #1:
% LMI #1:

% LMI #1:

-2*W (NON SYMMETRIC?)
-T

-2*M (NON SYMMETRIC?)

%LMI #1: m*a™(2)*I

% LMI #1:

% LMI #1:

% LMI #1:

% LMI #1:

% LMI #2:

% LMI #3:

% LMI #4:

% LMI #5:

% LMI #6:

% LMI #7:

% LMI #8:

Nl

_n*l

Ml

-m*]

Sl

S2

Ql

Q2

R1

R2

w
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Imiterm([-9 1 1 P11],1,1);

Imiterm([-10 1 1 P22],1,1);

Imiterm([-11 1 1 P33],1,1);

Imiterm([-12 1 1 P44],1,1);

Imiterm([-13 1 1 P55],1,1);

Imiterm([-14 1 1 N],1,1);

Imiterm([-15 1 1 M],1,1);

Imiterm([-16 1 1 T],1,1);

[S281=getlmis;
[tmin,xfeas]=feasp(IS281)
Ql=dec2mat(IS281,xfeas,Q1)
Q2=dec2mat(IS281,xfeas,Q2)
R1=dec2mat(IS281,xfeas,R1)
R2=dec2mat(IS281,xfeas,R2)
S1=dec2mat(IS281,xfeas,S1)
S2=dec2mat(IS281,xfeas,S2)
W=dec2mat(IS281,xfeas, W)
N=dec2mat(IS281,xfeas,N)
M=dec2mat(IS281,xfeas,M)
T=dec2mat(IS281,xfeas,T)

P11=dec2mat(IS281,xfeas,P11)

% LMI #9: P11

% LMI #10: P22

% LMI #11: P33

% LMI #12: P44

% LMI #13: P55

% LMI #14: N

% LMI #15: M

% LMI #16: T
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P12=dec2mat(1S281,xfeas,P12)
P13=dec2mat(IS281,xfeas,P13)
Pl4=dec2mat(IS281,xfeas,P14)
P15=dec2mat(IS281,xfeas,P15)
P22=dec2mat(IS281 xfeas,P22)
P23=dec2mat(IS281,xfeas,P23)
P24=dec2mat(IS281,xfeas,P24)
P25=dec2mat(IS281,xfeas,P25)
P33=dec2mat(1S281,xfeas,P33)
P34=dec2mat(IS281,xfeas,P34)
P35=dec2mat(1S281,xfeas,P35)
P44=dec2mat(IS28 1, xfeas,P44)
P45=dec2mat(IS281,xfeas,P45)
P55=dec2mat(IS281,xfeas,P55)

tmin
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