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CHAPTER I

Introduction

In this paper, we studied subject of the general split feasibility problem in

Hilbert space together with the strong convergence theorem proposed by Mohammad

Eslamian and Abdul Latif [26] and expansion the proof line in each step to make

it easier to understand. Furthermore, we give an example of the algorithm which

satisfies all the conditions in the main theorem and tests its strong convergence.

Let H and K be infinite-dimensional real Hilbert spaces, and let A : H → K

be a bounded linear operator. Let {Ci}p
i=1 and {Qi}r

i=1 be the families of nonempty

closed convex subsets of H and K, respectively.

Our mentioned problem is a general split feasibility problem (GSFP) which

is to find a point x∗, which

x∗ ∈
∞⋂
i=1

Ci and Ax∗ ∈
∞⋂
i=1

Qi. (1.1)

We denote by Ω the solution set of GSFP.

The following show some problem which correspond to our study.

(a) The convex feasibility problem (CFP) is formulated as the problem of

finding a point x∗ with the property:

x∗ ∈
p⋂

i=1

Ci.

(b) The split feasibility problem (SFP) is formulated as the problem of finding

a point x∗ with the property:

x∗ ∈ C and Ax∗ ∈ Q,

where C and Q are nonempty closed convex subsets of H and K, respectively.

(c) The multiple-set split feasibility problem (MSSFP) is formulated as the

problem of finding a point x∗ with the property:

x∗ ∈
p⋂

i=1

Ci and Ax∗ ∈
r⋂

i=1

Qi.
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We can see that (MSSFP) can be reduced to (SEP) if we take p = r = 1.

These problems can be applied in other disciplines such as the applications

of CFP in image restoration, computer tomograph and radiation therapy treatment

planning [1]. About soluing SFP, Censor and Elfving [2] recommended algorithm

in the setting of finite-dimensional Hilbert spaces and pointed out that SFP can be

used for soluing modelling inverse problems which arise from phase retrievals and

in medical image reconstruction [3]. Recently, it is found that the SFP can also be

applied to study the intensity-modulated radiation therapy; see, for example,[6,16] and

the references therein. Since then, a lot of work has been done for finding a solution

of SFP and MSSFP; see, for example,[2–25]. Very recently, Xu [8] considered the

SFP in the setting of infinite-dimensional Hilbert spaces.

In [2], to solve the problem it depends on the existence of A−1. In [8],

Xu studied some algorithm and got both weak convergence and strong convergence

theorems for solving the SFP by using Mann’s algorithm and found that he can also

get the solution of the minimum-norm. In [7], Wang and Xu proved their proposed

cyclic algorithm as follow:

xn+1 = PC[n](xn + yA∗(PQ[n] − I)Axn),

where [n] := n (mod p) , (mod function take values in {1, 2, ..., p}), and γ ∈

(0, 2/‖A‖2). They found that {xn} generated by their algorithm convergence weakly

to the solution of MSSFP. Recently, they studied in case of the strongly convergence

theorem for solving MSSFP in infinite dimensional Hilbert space, namely "General

split feasibility problem (GSFP)" as follows which is to find x∗ such that

x∗ ∈
∞⋂
i=1

Ci and Ax∗ ∈
∞⋂
i=1

Qi

and denote its solution set as Ω.

Recently, Eslamian and Latif [26], proposed the viscosity iterative algorithm

to solve GSFP in Hilbert space by improving all the results in the literature.
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In this paper, we study the convergence theorem by Mohammad Eslamian

and Abdul Latif whose steps are the solution to the GSFP:

xn+1 = αnxn + βnf(xn) +
∞∑
i=1

γn,iPCi
(I − λn,iA

∗(I − PQi
)A)xn, n ≥ 0,

then, the sequence {xn} converges strongly to x∗ ∈ Ω, where x∗ = PΩf(x∗).



CHAPTER II

Preliminaries and lemma

2.1 Preliminaries

Definition 2.1.1 [27] Linear operator

A operator T : X → Y from a vector space X to a vector space Y (with

the same scalar field K) is a linear operator if:

1. T (x1 + x2) = T (x1) + T (x2), ∀x1, x2 ∈ X ,

2. T (cx) = cT (x), ∀x ∈ X , c ∈ K.

We call such transformations linear operators.

Definition 2.1.2 [32] Bounded operator

A bounded operator T : X → Y between two Banach spaces satisfies the

inequality

‖Tx‖ ≤ c‖x‖,

where c is a constant independent of the choice of x ∈ X.

Definition 2.1.3 [32] Adjoint operator

The adjoint operator T ∗ of an operator T in a Hilbert space H is an

operator such that

〈Tx, y〉 = 〈x, T ∗y〉,

for all x and y in H .

Definition 2.1.4 [28] Fixed point

The point x is a fixed point of the mapping T if T (x) = x.

Definition 2.1.5 [28] Normed space

Let X be a vector space. A map T : X → R, x 7→ ‖x‖ is called a norm

on X if

(i) ‖x‖ ≥ 0 for all x ∈ X and ‖x‖ = 0 if and only if x = 0;

(ii) ‖αx‖ = |α|‖x‖ for all x ∈ X and α ∈ K;
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(iii) ‖x + y‖ ≤ ‖x‖+ ‖y‖ for all x, y ∈ X (triangle inequality).

We call (X , ‖.‖) or simply X a normed space.

Definition 2.1.6 [30] Inner product space

An inner product space is a complex linear space X which for any pair

of element x and y in X there corresponds a complex number, denoted by 〈x, y〉,

and called the inner product of x and y, with the following properties :

(i) 〈x, x〉 ≥ 0, 〈x, x〉 = 0 ↔ x = 0;

(ii) 〈x + y, z〉 = 〈x, z〉+ 〈y, z〉;

(iii) 〈αx, y〉 = α〈x, y〉;

(iv) 〈x, y〉 = 〈y, x〉.

Definition 2.1.7 [31] Hilbert space

Let H be an inner product space. Then H is called a Hilbert space if for

each bounded sequence {xn} of H , there exists a weakly convergent subsequence

of {xn}.

Definition 2.1.8 [31] Closed set

Let H be a Hilbert space. A subset C of H is called a closed set if

{xn} ⊂ C and xn → x imply x ∈ C.

Definition 2.1.9 [29] Convex set

Let C be a subset of a Hilbert space H and scalar t ∈ (0, 1) then C is

said to be convex if

tx + (1− t)y ∈ C for all x, y ∈ C

Definition 2.1.10 [27] Nonexpansive mapping

The mapping T : C → C is said to be nonexpansive mapping if

‖Tx− Ty‖ ≤ ‖x− y‖ for all x, y ∈ C.

Definition 2.1.11 [30] Contraction

Let H be a Hilbert space. A mapping f : C → C is called a contraction

on H if there is a positive real number α < 1 such that for all x, y ∈ C

‖f(x)− f(y)‖ ≤ α‖x− y‖, ∀x, y ∈ H.
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Definition 2.1.12 [29] Strong convergence

A sequence {xn} in Hilbert space H is said to be strongly convergence

(or convergence in the norm) if there is an x ∈ H such that

lim
n→∞

‖xn − x‖ = 0.

2.2 Lemma

Throughout this independent study, we denote by H a real Hilbert space with

inner product 〈·, ·〉 and norm ‖ · ‖. Let {xn} be a sequence in H and x ∈ H . Weak

convergence of {xn} to x is denoted by xn ⇀ x, and strong convergence by xn → x,

respectively. Let C be a closed and convex subset of H . For every point x ∈ H ,

there exists a unique nearest point in C, denoted by PCx. This point satisfies

‖x− PCx‖ ≤ ‖x− y‖, ∀y ∈ C. (2.2)

The operator PC is called the metric projection or the nearest point mapping

of H onto C. The metric projection PC is characterized by the fact that PC(x) ∈ C

and

〈y − PC(x), x− PC(x)〉 6 0, ∀x ∈ H, y ∈ C. (2.3)

It is well known that PC is a nonexpansive mapping. It is also known that H satisfies

Opial’s condition, that is, for any sequence {xn} with xn ⇀ x, the inequality

lim inf
n→∞

‖xn − x‖ < lim inf
n→∞

‖xn − y‖ (2.4)

holds for every y ∈ H with y 6= x.

Lemma 2.2.13 (see[21]). Let H be a Hilbert space. Then, for all x, y ∈ H

‖x + y‖2 ≤ ‖x‖2 + 〈y, x + y〉. (2.5)

Lemma 2.2.14 (see[22]). Let H be a Hilbert space, and let {xn} be a sequence

in H . Then, for any given sequence {λn}∞n=1 ⊂ (0, 1) with
∑∞

n=1 λn = 1 and for

any positive integer i, j with i < j,

‖
∞∑

n=1

λnxn‖2 ≤
∞∑

n=1

λn‖xn‖2 − λiλj‖xi − xj‖2. (2.6)
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Lemma 2.2.15 (see [23]). Assume that {an} is a sequence of nonnegative real

numbers such that

an+1 ≤ (1− yn)an + ynδn + βn, n ≥ 0, (2.7)

where {γn}, {βn} and {λn} satisfy the following conditions:

(i) γn ⊂ [0, 1],
∑∞

n=1 γn = ∞,

(ii) lim sup n→∞δn ≤ 0 or
∑∞

n=1 |γnδn| < ∞,

(iii) βn ≥ 0 for all n ≥ 0 with
∑∞

n=1 βn < ∞.

Then, limn→∞ an = 0.

Lemma 2.2.16 (see [24]). Let {tn} be a sequence of real numbers such that

there exists a subsequence {ni} of {n} such that tnj
< tni+1 for all i ∈ N. Then,

there exists a nondecreasing sequence {τ(n)} ⊂ N such that τ(n) → ∞, and the

following properties are satisfied by all (sufficiently large) numbers n ∈ N:

tτ(n) ≤ tτ(n)+1, tn ≤ tτ(n)+1. (2.8)

In fact

τ(n) = max{k ≤ n : tk < tk+1}. (2.9)

Lemma 2.2.17 (Demiclosedness principle [25]). Let C be a nonempty closed and

convex subset of a real Hilbert space H . Let T : C → C be a nonexpansive

mapping such that Fix(T ) 6= ∅. Then, T is demiclosed on C, that is, if yn ⇀ z ∈

C, and (yn − Tyn) → y then (I − T )z = y.



CHAPTER III

Main result

In this chapter, we propose the study of general split feasibility problems in

hilbert spaces, which is the method for solving GSFP. We expand all the proof lines

in their theorem and give a numerical example which can explain how this algorithm

can solve the mentioned problem.

Theorem 3.1.18 [26] Let H and K be real Hilbert spaces, and Let A : H → K be

a bounded linear operator. Let {Ci}∞i=1 and {Qi}∞i=1 be the families of nonempty

closed convex subset of H and K, respectively. Assume that GSFP(1.1) has a

nonempty solution set Ω. Suppose that f is a self k − contraction mapping of H ,

and let {xn} be a sequence generated by x0 ∈ H as

xn+1 = αnxn + βnf(xn) +
∞∑
i=1

γn,iPCi
(I − λn,iA

∗(I − PQi
)A)xn, n ≥ 0,

where αn+βn+
∑∞

i=1 γn,i = 1. If the sequences {αn}, {βn}, {γn,i} and {λn,i} satisfy

the following conditions:

(i) limn→∞ βn = 0 and
∑∞

n=0 βn = ∞

(ii) for each i ∈ N, lim infn αnγn,i > 0,

(iii) for each i ∈ N, {λn,i} ⊂ (0, 2/‖A‖2) and

0 < lim infn→∞ ≤ lim supn→∞ λn,i < 2/‖A‖2,

then, the sequence {xn} converges strongly to x∗ ∈ Ω, where x∗ = PΩf(x∗).

Proof. First, we show that {xn} is bounded. In fact, let z ∈ Ω. Since {λn,i}

⊂ (0, 2/‖A‖2), the operators PCi
(I −λn,iA

∗(I −PQi
)A) are nonexpansive, and hence

we have

‖xn+1 − z‖ = ‖αnxn + βnf(xn) +
∞∑
i=1

γn,iPCi
(I − λn,iA

∗(I − PQi
)A)xn − z‖

= ‖αnxn + αnz − αnz + βnf(xn) + βnz − βnz

+
∞∑
i=1

γn,iPCi
(I − λn,iA

∗(I − PQi
)A)xn − z‖
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≤ ‖αnxn − αnz‖+ ‖βnf(xn)− βnz‖

+‖αnz + βnz +
∞∑
i=1

γn,iPCi
(I − λn,iA

∗(I − PQi
)A)xn − z‖

= αn‖xn − z‖+ βn‖f(xn)− z‖

+‖
∞∑
i=1

γn,iPCi
(I − λn,iA

∗(I − PQi
)A)xn −

∞∑
i=1

γn,i(z)‖

≤ αn‖xn − z‖+ βn‖f(xn)− z‖

+
∞∑
i=1

γn,i‖PCi
(I − λn,iA

∗(I − PQi
)A)xn − z‖

= αn‖xn − z‖+ βn‖f(xn)− z‖+
∞∑
i=1

γn,i‖xn − z‖

≤ (αn +
∞∑
i=1

γn,i)‖xn − z‖+ βn‖f(xn)− z‖

≤ (1− βn)‖xn − z‖+ βn‖f(xn)− z‖

≤ (1− βn)‖xn − z‖+ βn‖f(xn) + f(z)− f(z)− z‖

= (1− βn)‖xn − z‖+ ‖βnf(xn) + βnf(z)− βnf(z)− βnz‖

≤ (1− βn)‖xn − z‖+ ‖βnf(xn)− βnf(z)‖+ ‖βnf(z)− βnz‖

≤ (1− βn)‖xn − z‖+ βn‖f(xn)− f(z)‖+ βn‖f(z)− z‖

≤ (1− βn)‖xn − z‖+ βnk‖xn − z‖+ βn‖f(z)− z‖

≤ (1− βn + βnk)‖xn − z‖+ βn‖f(z)− z‖

= (1− (βn − βnk))‖xn − z‖+ βn‖f(z)− z‖

= (1− (1− k)βn)‖xn − z‖+ βn‖f(z)− z‖

≤ (1− (1− k)βn)‖xn − z‖+ (1− k)
βn

(1− k)
‖f(z)− z‖

≤ max{‖xn − z‖, ‖f(z)− z‖
1− k

}
...

≤ max{‖x0 − z‖, ‖f(z)− z‖
1− k

} (3.10)

which implies that {xn} is bounded and we also obtain that {f(xn)} is bounded.

Next, we show that for each i ∈ N,

lim
n→∞

‖xn − PCi
(I − λn,iA

∗(I − PQi
)A)xn‖ = 0. (3.11)
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By using Lemma 2.2.14, for every z ∈ Ω and i ∈ N, we have that

‖xn+1 − z‖2 = ‖αnxn + βnf(xn)

+
∞∑

j=1

γn,jPCj
(I − λn,jA

∗(I − PQj
)A)xn − z‖2

≤ αn‖xn − z‖2 + βn‖f(xn)− z‖2

+
∞∑

j=1

γn,j‖PCj
(I − λn,jA

∗(I − PQi
)A)xn − z‖2

−αnγn,i‖PCi
(I − λn,iA

∗(I − PQi
)A)xn − xn‖

≤ αn‖xn − z‖2 + βn‖f(xn)− z‖2 +
∞∑

j=1

γn,j‖xn − z‖2

−αnγn,i‖PCi
(I − λn,iA

∗(I − PQi
)A)xn − xn‖2

≤ (1− βn)‖xn − z‖2 + βn‖f(xn)− z‖2

−αnγn,i‖PCi
(I − λn,iA

∗(I − PQi
)A)xn − xn‖2. (3.12)

Hence, for each i ∈ N we have

αnγn,i‖PCi
(I − PQi

)A)xn − xn‖2

≤ ‖xn − z‖2 − ‖xn+1 − z‖2 + βn‖f(xn)− z‖2. (3.13)

Next, we show that there exists a unique x∗ ∈ Ω such that x∗ = PΩf(x∗).

We observe that for each n ≥ 0, x∗ ∈ Ω solves the GSFP (1.1) if and only if x∗ solves

the fixed point equation

x∗ = Pci
(I − λn,iA

∗(I − PQi
)A)x∗, i ∈ N. (3.14)

that is, the solution sets of fixed point equation (20) and GSFP (1.1) are the same

(see for details [8]). Note that if {λn,i} ⊂ (0, 2/‖A‖2), then the operators Pci
(I −

λn,iA
∗(I − PQi

)A) are nonexpansive.

‖Pci
(I − λn,iA

∗(I − PQi
)A)x− Pci

(I − λn,iA
∗(I − PQi

)A)y‖

≤ ‖(I − λn,iA
∗(I − PQi

)A)x− (I − λn,iA
∗(I − PQi

)A)y‖

≤ ‖(x− λn,iA
∗(I − PQi

)Ax)− (y − λn,iA
∗(I − PQi

)Ay)‖

≤ ‖(x− λn,iA
∗Ax + λn,iA

∗PQi
Ax)− (y − λn,iA

∗Ay + λn,iA
∗PQi

Ay)‖
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≤ ‖x− λn,ix + λn,iA
∗PQi

Ax− y + λn,iy − λn,iA
∗PQi

Ay‖

≤ ‖(x− y)− λn,i(x− y)‖+ ‖λn,iA
∗PQi

A(x− y)‖

= (1− λn,i)‖x− y‖+ λn,i‖A∗PQi
A(x− y)‖

≤ (1− λn,i)‖x− y‖+ λn,i‖PQi
A(x− y)‖

≤ (1− λn,i)‖x− y‖+ λn,i‖A(x− y)‖

≤ (1− λn,i)‖x− y‖+ λn,i‖x− y‖

= (1− λn,i + λn,i)‖x− y‖

= ‖x− y‖.

So that

‖Pci
(I − λn,iA

∗(I − PQi
)A)x− Pci

(I − λn,iA
∗(I − PQi

)A)y‖ ≤ ‖x− y‖.

Since the fixed point set of nonexpansive operators is closed and convex, the

projection onto the solution set Ω is well defined whenever Ω 6= ∅.

‖PΩ(f)(x)− PΩ(f)(y)‖ ≤ ‖f(x)− f(y)‖ ≤ k‖x− y‖. (3.15)

It is obvious that PΩ(f) is a contraction of H into itself and actually, we can claim that

PΩ is nonexpansive. Hence, there exists a unique element x∗ such that x∗ = PΩf(x∗).

In order to prove that xn → x∗ as n →∞, we consider two possible cases.

Case 1. Assume that {‖xn − x∗‖} is a monotone sequence. In other words, for

n0 large enough, {‖xn − x∗‖}n≥n0 is either nondecreasing or nonincreasing. Since

‖xn − x∗‖ is bounded we have ‖xn − x∗‖ is convergent. Since limn→∞ βn = 0 and

{f(xn)} is bounded, from (3.13) we get that

lim
n→∞

αnγn,i‖PCi
(I − λn,iA

∗(I − PQi
)A)xn − xn‖2 = 0. (3.16)

By assuming that lim infn λnγn,i > 0, we obtain

lim
n→∞

‖PCi
(I − λn,iA

∗(I − PQi
)A)xn − xn‖ = 0, ∀i ∈ N. (3.17)

Now, we show that

lim sup
n→∞

〈f(x∗)− x∗, xn − x∗〉 ≤ 0. (3.18)

To show this inequality, we choose a subsequence {xnk
} of {xn} such that

lim
n→∞

〈f(x∗)− x∗, xnk
− x∗〉 = lim sup

n→∞
〈f(x∗)− x∗, xn − x∗〉. (3.19)
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Since {xn} is bounded, there exists a subsequence {xnk
} of {xn} which converges

weakly to ω. Without loss of generality, we can assume that xnk
⇀ ω and λn,i →

λi ∈ (0, 2/‖A‖2) for each i ∈ N. From(3.17), we have

‖PCi
(I − λiA

∗(I − PQi
)A)xn − xn‖

= ‖PCi
(I − λiA

∗(I − PQi
)A)xn − xn

−PCi
(I − λn,iA

∗(I − PQi
)A)xn

+PCi
(I − λn,iA

∗(I − PQi
)A)xn‖

≤ ‖PCi
(I − λn,iA

∗(I − PQi
)A)xn

−PCi
(I − λiA

∗(I − PQi
)A)xn‖

+‖PCi
(I − λn,iA

∗(I − PQi
)A)xn − xn‖

≤ ‖(I − λiA
∗(I − PQi

)A)xn − xn

−(I − λn,iA
∗(I − PQi

)A)xn‖+ ‖PCi

(I − λn,iA
∗(I − PQi

)A)xn − xn‖

≤ |λi − λn,i|‖A∗(I − PQi
)AXn‖

+‖PCi
(I − λn,iA

∗(I − PQi
)A)xn − xn‖ (3.20)

→ 0 as n →∞.

Notice that for each i ∈ N, PCi
(I − λn,iA

∗(I − PQi
)A) is nonexpansive. Thus, from

Lemma 2.2.17, we have ω ∈ Ω. Therefore, it follows that

lim sup
n→∞

〈f(x∗)− x∗, xn − x∗〉 = lim
k→∞

〈f(x∗)− x∗, xnk
− x∗〉 = 〈f(x∗)− x∗, ω − x∗〉

≤ 0. (3.21)

Finally, we show that xn → PΩf(x∗). Applying Lemma 2.2.13, we have that

‖xn+1 − x∗‖2 = ‖αnxn + βnf(x)

+
∞∑
i=1

γn,iPCi
(I − λn,iA

∗(I − PQi
)A)xn − x∗‖2

= ‖αnxn + βnf(x) + αnx
∗ − αnx

∗ + βnx
∗ − βnx

∗

+
∞∑
i=1

γn,iPCi
(I − λn,iA

∗(I − PQi
)A)xn − x∗‖2
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≤ ‖(αnxn − αnx
∗) + (βnf(x)− βnx

∗) + (αnx
∗ + βnx

∗ − x∗)

+
∞∑
i=1

γn,iPCi
(I − λn,iA

∗(I − PQi
)A)xn − x∗‖2

≤ ‖α(xn − x∗) + βn(f(x)− x∗)

+(
∞∑
i=1

γn,iPCi
(I − λn,iA

∗(I − PQi
)A)xn −

∑
γn,ix

∗)‖2

≤ ‖αn(xn − x∗) + βn(f(x)− x∗)

+
∑

γn,i(PCi
(I − λn,iA

∗(I − PQi
)A)xn − x∗)‖2

≤ ‖αn(xn − x∗) +
∑

γn,i(PCi
(I − λn,iA

∗(I − PQi
)A)xn − x∗)

+βn(f(x)− x∗)‖2

≤ ‖αn(xn − x∗) +
∑

γn,i(PCi
(I − λn,iA

∗(I − PQi
)A)xn − x∗)‖2

+2〈βn(f(x)− x∗), xn+1 − x∗〉

≤ ‖αn(xn − x∗) +
∑

γn,i(PCi
(I − λn,iA

∗(I − PQi
)A)xn − x∗)‖2

+2βn〈f(x)− x∗, xn+1 − x∗〉

≤ ‖αn(xn − x∗) +
∑

γn,i(xn − x∗)‖2

+2βn〈f(xn)− x∗, xn+1 − x∗〉

≤ ‖(1− βn)xn − x∗‖2 + 2βn〈f(xn)− x∗, xn+1 − x∗〉

≤ (1− βn)2‖xn − x∗‖2 + 2β〈f(xn)− x∗, xn+1 − x∗〉

≤ (1− βn)2‖xn − x∗‖2 + 2βn〈f(xn)− f(x∗), xn+1 − x∗〉

+2βn〈f(x∗)− x∗, xn+1 − x∗〉

≤ (1− βn)2‖xn − x∗‖2 + 2βn‖f(xn)− f(x∗)‖‖xn+1 − x∗‖

+2βn〈f(x∗)− x∗, xn+1 − x∗〉

≤ (1− βn)2‖xn − x∗‖2 + 2βnk‖xn − x∗‖‖xn+1 − x∗‖

+2βn〈f(x∗)− x∗, xn+1 − x∗〉.

This implies that

‖xn+1 − x∗‖2 ≤ (1− βn)2‖xn − x∗‖2 + 2βnk‖xn − x∗‖‖xn+1 − x∗‖

+2βn〈f(x∗)− x∗, xn+1 − x∗〉
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≤ (1− βn)2‖xn − x∗‖2 + βnk‖xn − x∗‖2 + βnk‖xn+1 − x∗‖2

+2βn〈f(x∗)− x∗, xn+1 − x∗〉.

≤ (1− βn)2‖xn − x∗‖2 + βnk{‖xn − x∗‖2 + ‖xn+1 − x∗‖2}

+2βn〈f(x∗)− x∗, xn+1 − x∗〉

Thus,

‖xn+1 − x∗‖2 − βnk‖xn+1 − x∗‖2 ≤ (1− βn)2‖xn − x∗‖2 + βnk‖xn − x∗‖2

+2βn〈f(x∗)− x∗, xn+1 − x∗〉.

That is

(1− βnk)‖xn+1 − x∗‖2 ≤ (1− βn)2‖xn − x∗‖2 + βnk‖xn − x∗‖2

+2βn〈f(x∗)− x∗, xn+1 − x∗〉.

Hence,

‖xn+1 − x∗‖2 ≤ (1− βn)2 + βnk‖xn − x∗‖2

1− βnk

+
2βn〈f(x∗)− x∗, xn+1 − x∗〉

1− βnk

≤ (1− βn)2 + βnk

1− βnk
‖xn − x∗‖2

+
2βn

1− βnk
〈f(x∗)− x∗, xn+1 − x∗〉

=
(1− 2βn + β2

n) + βnk

1− βnk
‖xn − x∗‖2

+
2βn

1− βnk
〈f(x∗)− x∗, xn+1 − x∗〉

=
1− 2βn + βnk

1− βnk
‖xn − x∗‖2

+
β2

n

1− βnk
‖xn − x∗‖2

+
2βn

1− βnk
〈f(x∗)− x∗, xn+1 − x∗〉
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≤ (1− 2(1− k)βn

1− βnk
)‖xn − x∗‖2

+
2(1− k)βn

1− βnk
{ βnM

2(1− k)

+
1

1− k
〈f(x∗)− x∗, xn+1 − x∗〉}

≤ (1− ηn)‖xn − x∗‖2 + ηnδn

where δn = βnM
2(1−k)

+ 1
1−k

〈f(x∗)− x∗, xn+1 − x∗〉 and M = sup{‖xn − x∗‖2 : n ≥ 0}

and ηn = 2(1− k)βn/(1− βnk).

It is easy to see that ηn → 0,
∑∞

n=1 ηn = ∞ and lim supn←∞ δn ≤ 0. Hence,

by Lemma 2.2.15, the sequence {xn} converges strongly to x∗ = PΩf(x∗).

Case 2. Assume that {xn − x∗} is not a monotone sequence. Then, we can define

an integer sequence {τ(n)} for all n ≥ n0 (for some n0 large enough) by

τ(n) = max{k ∈ N; k ≤ n : ‖xk − x∗‖ < ‖xk+1 − x∗‖}.

Clearly, τ(n) is a nondecreasing sequence such that τ(n) → ∞ as n → ∞

and for all n ≥ n0,

‖xτ(n) − x∗‖ < ‖xτ(n)+1 − x∗‖.

From (3.13), we obtain that

lim
n→∞

‖PCi
(I − λτ(n),iA

∗(I − PQi)A)xτ(n) − xτ(n)‖ = 0.

Following an argument similar to that in Case 1, we have

lim sup
n→∞

〈f(x∗)− x∗, xτ(n)+1 − x∗〉 ≤ 0.

And by similar argument, we have

‖xτ(n)+1 − x∗‖2 = ‖ατ(n)xτ(n)+1 + βτ(n)f(xτ(n))

+
∞∑
i=1

γτ(n),iPCi
(I − λτ(n),iA

∗(I − PQi
)A)xτ(n) − x∗‖2

= ‖ατ(n)xτ(n) + βτ(n)f(xτ(n)) + ατ(n)x
∗ − ατ(n)x

∗ + βτ(n)x
∗

−βτ(n)x
∗ +

∞∑
i=1

γτ(n),iPCi
(I − λτ(n),iA

∗(I − PQi
)A)xτ(n) − x∗‖2
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≤ ‖(ατ(n)xτ(n) − ατ(n)x
∗) + (βτ(n)f(xτ(n))− βτ(n)x

∗)

+(ατ(n)x
∗ + βτ(n)x

∗ − x∗)

+
∞∑
i=1

γτ(n),iPCi
(I − λτ(n),iA

∗(I − PQi
)A)xτ(n) − x∗‖2

≤ ‖α(xτ(n) − x∗) + βτ(n)(f(xτ(n))− x∗)

+(
∞∑
i=1

γτ(n),iPCi
(I − λτ(n),iA

∗(I − PQi
)A)xτ(n)

−
∞∑
i=1

γτ(n),ix
∗)‖2

≤ ‖ατ(n)(xτ(n) − x∗) + βτ(n)(f(xτ(n))− x∗)

+
∞∑
i=1

γτ(n),i(PCi
(I − λτ(n),iA

∗(I − PQi
)A)xτ(n) − x∗)‖2

≤ ‖ατ(n)(xτ(n) − x∗)

+
∞∑
i=1

γτ(n),i(PCi
(I − λτ(n),iA

∗(I − PQi
)A)xτ(n) − x∗)

+βτ(n)(f(xτ(n))− x∗)‖2

≤ ‖ατ(n)(xτ(n) − x∗)

+
∞∑
i=1

γτ(n),i(PCi
(I − λτ(n),iA

∗(I − PQi
)A)xτ(n) − x∗)‖2

+2〈βτ(n)(f(x)− x∗), xτ(n)+1 − x∗〉

≤ ‖ατ(n)(xτ(n) − x∗)

+
∞∑
i=1

γτ(n),i(PCi
(I − λτ(n),iA

∗(I − PQi
)A)xτ(n) − x∗)‖2

+2βτ(n)〈f(xτ(n))− x∗, xτ(n)+1 − x∗〉

≤ ‖ατ(n)(xτ(n) − x∗) +
∞∑
i=1

γτ(n),i(xτ(n) − x∗)‖2

+2βτ(n)〈f(xτ(n))− x∗, xτ(n)+1 − x∗〉

≤ ‖(1− βτ(n))xτ(n) − x∗‖2

+2βτ(n)〈f(xτ(n))− x∗, xτ(n)+1 − x∗〉

≤ (1− βn)2‖xτ(n) − x∗‖2

+2βτ(n)〈f(xτ(n))− x∗, xτ(n)+1 − x∗〉

= (1− βτ(n))
2‖xτ(n) − x∗‖2

+2βτ(n)〈f(xτ(n))− x∗ + f(x∗)− f(x∗), xτ(n)+1 − x∗〉
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≤ (1− βτ(n))
2‖xτ(n) − x∗‖2

+2βτ(n)〈f(xτ(n))− f(x∗), xτ(n)+1 − x∗〉

+2βτ(n)〈f(x∗)− x∗, xτ(n)+1 − x∗〉

≤ (1− βτ(n))
2‖xτ(n) − x∗‖2

+2βτ(n)‖f(xτ(n))− f(x∗)‖‖xτ(n)+1 − x∗‖

+2βτ(n)〈f(x∗)− x∗, xτ(n)+1 − x∗〉.

Thus,

‖xτ(n)+1 − x∗‖2 ≤ (1− βτ(n))
2‖xτ(n) − x∗‖2

+2βτ(n)k‖xτ(n) − x∗‖‖xτ(n)+1 − x∗‖

+2βτ(n)〈f(x∗)− x∗, xτ(n)+1 − x∗〉

≤ (1− βτ(n))
2‖xτ(n) − x∗‖2

+βτ(n)k{‖xτ(n) − x∗‖2 + ‖xτ(n)+1 − x∗‖2}

+2βτ(n)〈f(x∗)− x∗, xτ(n)+1 − x∗〉

≤ (1− βτ(n))
2‖xτ(n) − x∗‖2 + βτ(n)k‖xτ(n) − x∗‖2

+βτ(n)k‖xτ(n)+1 − x∗‖2

+2βτ(n)〈f(x∗)− x∗, xτ(n)+1 − x∗〉.

Then,

‖xτ(n)+1 − x∗‖2 − βτ(n)k‖xτ(n)+1 − x∗‖2 ≤ (1− βτ(n))
2‖xτ(n) − x∗‖2

+βτ(n)k‖xτ(n) − x∗‖2

+2βτ(n)〈f(x∗)− x∗, xτ(n)+1 − x∗〉.

(1− βτ(n)k)‖xτ(n)+1 − x∗‖2 ≤ (1− βτ(n))
2‖xτ(n) − x∗‖2 + βτ(n)k‖xτ(n) − x∗‖2

+2βτ(n)〈f(x∗)− x∗, xτ(n)+1 − x∗〉

≤
(1− βτ(n))

2 + βτ(n)k‖xτ(n)

1− βτ(n)k

−
x∗‖2 + 2βτ(n)〈f(x∗)− x∗, xτ(n)+1 − x∗〉

1− βτ(n)k
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≤
(1− βτ(n))

2 + βτ(n)k

1− βnk
‖xn − x∗‖2

+
2βτ(n)

1− βτ(n)k
〈f(x∗)− x∗, xτ(n)+1 − x∗〉

=
(1− 2βτ(n) + β2

τ(n)) + βτ(n)k

1− βτ(n)k
‖xτ(n) − x∗‖2

+
2βτ(n)

1− βτ(n)k
〈f(x∗)− x∗, xτ(n)+1 − x∗〉

=
1− 2βτ(n) + βτ(n)k

1− βτ(n)k
‖xτ(n) − x∗‖2

+
β2

τ(n)

1− βτ(n)k
‖xτ(n) − x∗‖2

+
2βτ(n)

1− βτ(n)k
〈f(x∗)− x∗, xτ(n)+1 − x∗〉

≤ (1−
2(1− k)βτ(n)

1− βτ(n)k
)‖xτ(n) − x∗‖2

+
2(1− k)βτ(n)

1− βτ(n)k
{

βτ(n)M

2(1− k)

+
1

1− k
〈f(x∗)− x∗, xτ(n)+1 − x∗〉}

≤ (1− ητ(n))‖xτ(n) − x∗‖2 + ητ(n)δτ(n).

where ητ(n) → 0,
∑∞

n=1 ητ(n) = ∞ and lim supn→∞ δτ(n) ≤ 0. Hence, by Lemma

2.2.15, we obtain limn→∞ ‖xτ(n) − x∗‖ = 0 and limn→∞ ‖xτ(n)+1 − x∗‖ = 0.

Now, from Lemma 2.2.16, we have

0 ≤ ‖xn − x∗‖

≤ max{‖xτ(n) − x∗‖, ‖xn − x∗‖}

≤ ‖xτ(n)+1 − x∗‖,

therefore, {xn} converges strongly to x∗ = PΩf(x∗).



CHAPTER IV

Numerical example

In this chapter, we propose some numerical example which support the main

theorem.

4.1 Numerical Example

Example 4.1.1 Let H ≡ K ≡ R and C ∈ [0, 1] and the other conditions as follow :

αn = 1
2
− ( 2n+1

3n2+2
), βn = 2n+1

3n2+2
,
∑∞

i=1 γn,i = 1
2
, λn,i = n

1+5n
, x0 = 10,

f(xn) = 2
3
(xn), Ax = x

2
, A∗x = x

2
, Ci = [0, 1], Qi = [0, 2].

First, we will check that all parameter satisfy all the condition in Main Theorem.

Setting

1. βn = 2n+1
3n2+2

,

since βn has to satisfy the condition limn→∞ βn = 0 and
∑∞

n=1 βn = ∞

Consider the following,

lim
n→∞

βn = lim
n→∞

2n + 1

3n2 + 2

= lim
n→∞

2n
n2 + 1

n2

3n2

n2 + 2
n2

= 0.

Next, we show that
∑∞

n=1 βn is divergent.

Let βn = 2n+1
3n2+2

and bn = 1
n
, consider

lim
n→∞

βn

bn

= lim
n→∞

2n + 1

3n2 + 2
· n

1

= lim
n→∞

2n2 + n

3n2 + 2

=
2

3
.

Therefore limn→∞
βn

bn
= 2

3
.

Such that
∑∞

n=1 βn = ∞
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2.
∑∞

i=1 γn,i = 1
2

Let γn,i = 1
(2i−1)(2i+1)

.

Check

Sn =
∑n

i=1
1

(2i−1)(2i+1)

= 1
1.3

+ 1
3.5

+ 1
5.7

+ ... + 1
(2n−1)(2n+1)

.

By investigation 1
(2n−1)(2n+1)

= 1
2
( 1

2n−1
− 1

2n+1
), hence

Sn = 1
2
(1− 1

3
) + 1

2
(1

3
− 1

5
) + ... + 1

2
( 1

2n−1
− 1

2n+1
)

= 1
2
[(1− 1

3
) + (1

3
− 1

5
) + ... + 1

2
( 1

2n−1
− 1

2n+1
)]

= 1
2
[1 + (−1

3
+ 1

3
) + (−1

5
+ 1

5
) + ... + (− 1

2n−1
+ 1

2n−1
)− 1

2n+1
]

= 1
2
(1− 1

2n+1
).

Therefore limn→∞ Sn = limn→∞
1
2
(1− 1

2n+1
) = 1

2
(1− 0) = 1

2
.

Consequently
∑∞

i=1
1

(2i−1)(2i+1)
= 1

2
.

3. λn,i = n
1+5n

Since λn,i has to satisfy the condition λn,i ⊂ (0, 2/‖A‖2) and 0 < lim infn→∞ λn,i

≤ lim supn→∞ λn,i < 2/‖A‖2. Consider the following,

lim
n→∞

λn,i = lim
n→∞

n

1 + 5n

= lim
n→∞

n
n

1
n

+ 5n
n

=
1

5
.

Such that λn,i = n
1+5n

.

4. f(xn) = 2
3
(xn)

Let f(x) = 2
3
x, next we have to show that

‖f(x)− f(y)‖ ≤ k‖x− y‖; k ∈ (0, 1).

Let x, y ∈ H

‖f(x)− f(y)‖ = ‖2
3
x− 2

3
y‖

= 2
3
‖x− y‖.

Hence, f is a contraction.
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5. Ax = x
2

(Bounded linear operator)

We show that 5.1. A is bounded operator

5.2. A is linear operator.

5.1 Let Ax = x
2

‖Ax‖ ≤ c‖x‖

‖Ax‖ = ‖x

2
‖

=
1

2
‖x‖.

5.2 Next, we show that A is a linear operator.

From Ax = x
2
, we have

5.2.1 A(x + y) = x+y
2

= x
2

+ y
2

= Ax + Ay.

5.2.2 A(cx) = cx
2

= c(x
2
)

= cAx.

So, Ax = x
2

is a Bounded linear operator.

6. A∗x = x
2

(Adjoint operator)

Consider 〈Ax, y〉 for all x, y ∈ H as follows:

〈Ax, y〉 = 〈x
2
, y〉

= 1
2
xy

A∗ be an adjoint operator of A, therefore

〈Ax, y〉 = 〈x, A∗y〉.

It means that 〈x, A∗y〉 = 1
2
xy, then

A∗y = 1
2
y.

So, A∗x = Ax = x
2
.
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7. Ci = [0, 1]

where

PCi
x =


1, x > 1,

0, x < 0,

x, x ∈ [0, 1].
8. Qi = [0, 2]

where

PQi
x =


2, x > 2,

0, x < 0,

x, x ∈ [0, 2].

Next, we will construct the iteration process by follow the algorithm.

Hence,

xn+1 = αnxn + βnf(xn) +
∞∑
i=1

γn,iPci
(xn − λn,i(xn − A∗PQi

Axn))

= (
1

2
− (

2n + 1

3n2 + 2
))xn + (

2n + 1

3n2 + 2
)(

2

3
(xn))

+
1

2
(PCi

(xn − (
n

1 + 5n
)(xn −

PQi

xn

2

2
)))

After we run this algorithm by using Microsoft Excel with the setting x0 = 10, we

can get the value of xn as following :

n xn n xn

0 10 ... ...

1 3.833333333 114 0.000175328

2 2.068181818 115 0.000162087

3 1.44338118 116 0.000149847

4 1.181113609 117 0.000138531

5 1.066287347 118 0.000128071

6 0.972168187 119 0.000118401

7 0.888685112 120 0.000109462

8 0.81385485 121 0.000101198

Table 1. The value of xn generated by Example 4.1.1.
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Figure 1. The convergence of {xn} by Example 4.1.1.



CHAPTER V

Conclusions

In this Chapter, we propose the conclusion of our study which consists of

the main theorem, and numerical examples as shown in the followings.

Theorem 5.1.1. [26] Let H and K be real Hilbert spaces, and Let A : H → K be a

bounded linear operator. Let {Ci}∞i=1 and {Qi}∞i=1 be the families of nonemply closed

convex subset of H and K, respectively. Assume that GSFP (1.1) has a nonempty

solution set Ω. Suppose that f is a self k− contraction mapping of H , and let {xn}

be a sequence generated by x0 ∈ H as

xn+1 = αnxn + βnf(xn) +
∞∑
i=1

γn,iPCi
(I − λn,iA

∗(I − PQi
)A)xn, n ≥ 0,

where αn +βn +
∑∞

i=1 γn,i = 1. If the sequences {αn}, {βn}, {γn,i} and {λn,i} satisfy

the following conditions:

(i) limn→∞ βn = 0 and
∑∞

n=0 βn = ∞

(ii) for each i ∈ N, lim infn αnγn,i > 0,

(iii) for each i ∈ N, {λn,i} ⊂ (0, 2/‖A‖2) and

0 < lim infn→∞ ≤ lim supn→∞ λn,i < 2/‖A‖2,

then, the sequence {xn} converges strongly to x∗ ∈ Ω, where x∗ = PΩf(x∗).

Next, we would like to show step proof of the theorem 5.1.1.

1. Find {xn} is bounded.

2. Find limn→∞ ‖xn − Pci
(I − λn,ia

∗(I − PQi
)A)xn‖ = 0.

3. Show that there exists a unique x∗ ∈ Ω such that x∗ = PΩf(x∗).

4. Prove that xn → x∗ as x →∞.

- Case 1 Assume that {‖xn − x∗‖} is a monotone sequence.

- Case 2 Assume that {‖xn − x∗‖} is not a monotone sequence.

Example 5.1.1 Let H ∈ R and C ∈ [0, 1] and the other conditions as follow :

αn = 1
2
− ( 2n+1

3n2+2
), βn = 2n+1

3n2+2
,

∑∞
i=1 γn,i = 1

2
, λn,i = n

1+5n
, x0 = 10,

f(xn) = 2
3
(xn), Ax = x

2
, A∗x = x

2
, Ci = [0, 1], Qi = [0, 2].
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After we run this algorithm by using Microsoft Excel with the setting x0 = 10, we

can get the value of xn as following :

n xn n xn

0 10 ... ...

1 3.833333333 114 0.000175328

2 2.068181818 115 0.000162087

3 1.44338118 116 0.000149847

4 1.181113609 117 0.000138531

5 1.066287347 118 0.000128071

6 0.972168187 119 0.000118401

7 0.888685112 120 0.000109462

8 0.81385485 121 0.000101198

Table 2. The value of xn generated by Example 5.1.1.

Figure 2. The convergence of {xn} by Example 5.1.1.
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